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INTRODUCTION

In technical and organizational systems, when demand for processing or
services exceeds the system's capacity, queues of various types form. A queue
allows the system to "wait out" a short-term influx of requests without denying
service to users. Developers don't need to build a system designed for a maximum
peak (which occurs 1% of the time). Capacity for the average flow plus a buffer is
sufficient. Let's consider the process of queue formation using the operation of
computer systems as an example.

Modern computing systems consist of interconnected components: one or
more processors, RAM, input and output devices (including a mouse, keyboard,
scanner, and display), and external devices. These components can interact both
jointly and independently, enabling multiprogramming under the control of the
operating system. The operating system performs various tasks, including
managing the execution of user programs, organizing input/output, processing
external signals, and responding to emergency situations. The implementation of
each task is carried out through the corresponding programs, called as needed. The
basic functions of the operating system are provided by processes [1]. The concept
of a process can be expanded to include the provision of user functions. Therefore,
the execution of user programs is also a process. Several programs may be required
to implement a process, and conversely, one program can serve multiple processes.
For example, a sorting program can be used by any process working with a
database. Different programs can simultaneously reside in RAM, initiating different
processes and executing them in parallel. The term "resource” is used to denote any
component that can be distributed within the system under the control of the
operating system. Since the central processor is also a resource, its actions in
executing a program constitute a process. Thus, a program is an ordered set of
instructions, and a process is its execution on computer components. To start a
process, a program issues a request. Typically, a resource can only handle one
request at a time, and if a new request arrives while a request is being processed, it
Is placed in a queue. The mechanism for queuing requests to a resource is shown in
Figure 1.
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Figure 1 — Mechanism for forming a queue of resource requests

If a network printer receives print jobs from several computers of the
network, one job is launched for printing, while the others wait in the queue to be
processed. This creates separate queues of requests for different resources, as
shown in Figure 2.

The queue of

Queue t°1 Resource 1
resource I I (printer)

J unfinished tasks Queue to
New 1 resource 2
tasks I Central II I I Resource 2
11— processor [ * (HDD)

\ Queue to

T l resource 3
I I I I Resource 3

Requests from I I Exit (applicationn)

external devices I I queue

Figure 2 — Formation of queues for resources in a computer system

It's also worth paying attention to incoming requests from external devices,
such as a mouse, keyboard, or communication modules with objects in real-time
systems. These requests require a near-instantaneous response and are therefore
given the highest processing priority. The priority levels of such requests can vary.



For example, a hard drive's read-read signal cannot tolerate even a brief pause,
otherwise data loss is possible.

As can be seen from an analysis of Figure 1, resource access requests arise at
random moments, and their execution times vary and are usually unpredictable. To
synchronize the arrival and processing of requests and prevent their loss in
computing systems, various queues are used, as shown in Figure 2. This figure
depicts standard schemes with a massive influx of requests, one or more processing
devices, and a waiting buffer. Such systems are called queueing systems. Queueing
systems are ubiquitous in technology, science, and everyday life. A classic example
Is the line at the supermarket checkout, where cashiers act as service lines. At
airports, passengers line up at check-in counters. The design of telecommunications
and computer networks always takes into account the processes of mass service.

An examination of the actions shown in Figure 1 reveals the random nature
of the flow of requests being processed. To compensate for this, developers often
build additional capacity into the hardware. This is especially important for critical
systems where downtime or lost requests are unacceptable, such as aircraft landing
control systems [2]. As a result, the hardware is either overloaded or inoperative.
Maintaining a buffer of requests in the queue also consumes resources. Therefore,
queuing systems are associated with high costs, which has stimulated the
development of a specialized theory for their analysis.

Queuing systems can be single-channel or multi-channel. For example, a
single-channel system is a network printer that processes files from network
computers only once. Or a single specialist queues computers in a department when
they break down. A multi-channel system is illustrated by the work of a team of
engineers in a company repairing broken computers: each repair request is
processed by one of the team's specialists.

Queuing systems focuses on the study of real-world systems serving multiple
clients. Researchers seek to understand how queue wait times and the likelihood of
service failure depend on the intensity of incoming requests, their processing speed,
and the nature of their distribution. The rules by which requests are selected,
including the presence of priorities, significantly influence system behaviour. These
rules include queue formation methods and request selection algorithms.
Sometimes queues may not exist, and if all channels are busy, requests may be lost.
Request selection occurs in various ways, one of which is the "first-in, first-out"
(FIFO) principle. Other systems use the "last-in, first-out” (LIFO) principle.

Designing queuing systems is a much more complex task. Creating such
systems requires addressing a multitude of complex issues. A key aspect is



selecting the optimal number of service channels based on the performance of each.
Excessive number of channels can lead to extended downtime. The possibility of
individual channel failure must also be considered. Even more complex challenges
arise when combining multiple service systems into a network, where requests are
processed sequentially at different stages. The development of such network
approaches was driven Dby the advent of complex computing and
telecommunications systems, including the Internet. In these networks, requests
pass through multiple nodes and can change routes and processing algorithms,
making their analysis difficult.

Figure 3 shows the process of receiving applications for processing in the
system.
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Figure 3 — The process of receiving applications for processing in the system

The timestamps of event arrivals are denoted as t; where i takes the values 1,

2, and so on. The time intervals separating successive requests are defined as
&,&5,&;,.... These intervals are random, which entails a stochastic mode of

operation of the queuing system. The characteristics of the incoming request flows
significantly affect the functioning of the system. A flow can be ordinary, when
only one request arrives at a particular time, or extraordinary, arriving either from a
finite or infinite source of requests. Therefore, for queueing systems, a detailed
flow analysis using probabilistic methods is necessary.

Figure 4 schematically shows the process of service requests arriving
(indicated by points t, on the t, axis), the process of completing service requests

(indicated by points t,; on the t. axis), as well as the dynamics of changes in the
number of requests in the service system L, for a single-channel system.



|

al taz ta3 J[a4 taS tas ta? tas a

— » * - - » -l.tc
t

t

¢l “c2 c3 c4 c5 cB tc?

Figure 4 — Stochastic processes in a single-channel queuing system

The study presented in the diagram (Figure 4) clearly demonstrates that the
operation of queuing systems is probabilistic in nature. Therefore, their analysis
requires the use of the theory of random processes. Queueing systems theory is a
distinct subfield of random process theory, forming an independent scientific field
with its own terminology. The results obtained in this theory find wide application
In various areas of human activity.

Numerous scientists have made significant contributions to the development
of queuing systems. One of the pioneers was A. K. Erlang, who applied the
methods of queuing system to study telephone networks. A significant contribution
Is due to L. Kleinrock, who applied queuing system to the analysis of computer
systems [3]. Domestic scientists such as A. Ya. Khinchin, B. V. Gnedenko and
I. M. Kovalenko also made an important contribution to the development of
queuing system. The current state of queuing theory is reflected in the work [4].
The author of this work also participated in the development of queuing theory and
its practical application. In particular, studies were conducted on a queuing system
with a hyperexponential input flow, arbitrary service time, and a generalization of
the famous Polyachek-Khinchin formula was obtained for this case. In [5],
queueing systems were applied to calculate the parameters of a communication
device with an object of computer systems operating in real time. The work [6] is
devoted to the use of queueing systems for modeling complex production systems.



1 MATHEMATICAL BASICS OF QUEUE SYSTEMS THEORY

Queuing systems theory is a complex discipline based on a number of
classical mathematical disciplines, namely probability theory, mathematical
statistics, and the theory of random processes. Queuing processes can be described
by systems of linear equations or systems of differential equations. Therefore, a
researcher studying queuing systems should be familiar with these disciplines.

1.1 Introduction to probability theory and mathematical statistics

This subsection briefly presents the basic definitions and formulas of
probability theory and mathematical statistics. A full coverage of this topic can be
found in classic textbooks, such as, for example, the textbook by B. V. Gnedenko.
[7]. The axiomatic foundations of probability theory are laid in the works of
Academician A. N. Kolmogorov. Their essence is outlined in [8].

1.1.1 Basic concepts of probability theory

Probability theory in abstract form reflects the patterns inherent in random
events (phenomena) of a mass nature. The idea of random events is formed on the
basis of life experience. For example, we believe that such events as software
glitch, device failure, and earthquake are random. So, in contrast to a reliable event,
we call an event random if its occurrence cannot be guaranteed in advance, that is,
if the event is characterized only by the fact that it is possible. The subject of
probability theory is the study of probabilistic patterns of mass random phenomena.

The basic concepts of probability theory are a probabilistic experiment and
an event. A probabilistic random experiment (test) is the implementation of a
specific set of conditions, either artificially created or implemented independently
of the experimenter's will, resulting in one event out of many possible ones. Let the
products are produced in batches of n pieces each. Checking the quality of a
product leads to its destruction, therefore, to check the quality of a batch, m
products (m<n) are selected. The experiment consists of selecting items from a
batch and testing them. The outcome (the result of the experiment) is the number of
defective items.

In probability theory, events are typically denoted by capital letters of the
Latin alphabet: A, B, C, etc. Events are classified according to a number of
characteristics: compatible and incompatible, opposite, equally likely, and
elementary [9]. Two basic operations are introduced over events: addition (union)
and multiplication (section). The sum or union of events A and B is an event
consisting of either A or B, or both simultaneously occurring. They are expressed
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as follows:AUB or A+B. The sum of the events consists of
elementary events, each of which belongs to at least one of these
events, as shown in Figure 1.1.

Figure 1.1 Example. Event A is when the dice rolls an even number of
points, and event B is when no more than two points are rolled. Then
A+ B={w,w,,w,,w,}.

The product, or the intersection of two events is an event consisting of the
joint occurrence of these events. It is denoted by: AnB or AB. The product of two
events consists of elementary events, each of which belongs to
both events, as shown in Figure 1.2.

Example. Event A is when the dice rolls an even number of

Figure 1.2 points, and event B is when at least two points roll. Then

AB:{W11W3’W5}'{W21W3’W4’W5’W6}:{W3’W5}-

Elementary events of a complete group of pairwise incompatible events are
called favorable for the implementation of a composite event A if the
implementation of any of these events entails event A.

Example. When throwing the event dice Wsg,Wg contribute to the occurrence

of event B — the rolling of at least five points. The classical definition of probability
Is related to the latter definition.

Probability of an event A is the ratio of the number m of elementary events
that favor the event A to the number n of all elementary events that form a complete
group of events:

p(A)=""
n

The abbreviation P comes from the English word "probability,” meaning
likelihood. The following properties follow from the definition of probability: the
probability of a certain event is one unit, the probability of an impossible event is
zero, and the probability of a random event is a positive number between zero and
one, i.e.,0< P(A) <1.Thus, probability is a measure of randomness. Formula (1.1)
is used to directly calculate probabilities in simple cases.

Example. A die is thrown. Let's find the probability of the outcome occurring
if it lands on at least a three.

Solution. The total number of elementary events is n=6, the number of
elementary events favorable to event A, m=4 ({w,,w,,W,,w.}), then the

probability of event A— P(A)=4/6=0,667.

(1.1)
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If, when calculating the probability of an event A, no other restrictions are
Imposed except for conditions S, then such a probability is called unconditional; if
other additional conditions are imposed, the probability of an event A is called

conditional and is denoted as P(A/B) or Pg (A) — the probability of the occurrence

of event A given that event B has already occurred.

Direct calculation of probabilities is extremely limited in its application and
can be used only in the simplest cases. Random events, whose probabilities are
predetermined, are combined into more complex events, the probabilities of which
are calculated using the basic theorems of probability theory and a number of
standard schemes for combining random events.

Product of Probabilities Theorem. The probability of the product of two
events A and B is equal to the product of the probability of one of them and the
conditional probability of the second, calculated with the assumption that the first
event has already occurred:

P(A-B)=P(AP(B/A)=P(B)P(A/B). (1.2)

If event B does not depend on event A (P(B/A)=P(B)), then the probability of
the product of two independent events is equal to the product of the probabilities of
these events. That is, for independent events A and B, formula (1.2) can be
rewritten

P(A-B)=P(A)-P(B) (1.3)

Probability addition theorem. The probability of the sum of two events A
and B is equal to the sum of the probabilities of these events without the probability
of their simultaneous occurrence:

P(A+B)=P(A)+P(B)-P(AB). (1.4)

Typically, both theorems must be applied simultaneously. In this case, the
event whose probability needs to be determined is typically represented as the sum
of several disjoint events (variants of the given event), each of which is in turn a
product of events.

Example. Two shooters each fire one shot at a target. The probability of
hitting the target for the first shooter is 0.8, for the second — 0.7. Determine the
probability of hitting the target with one ball.

Solution. Let event A be the target being hit by one ball, B be the first shooter

hitting the target, C be the second shooter hitting the target; B And C - events

12



opposite to events B and C, respectively. It is obvious that A=BC +BC. And
P(A)=P(BC + BC)=P(BC)+P(BC)=P(B)P(C) + P(B)P(C). Because
P(B)=08, P(C)=0,7, than P(B)=1-0,8=0,2, P(C)=1-0,7=0,3. So,
P(A)=0,8-0,3+0,2-0,7=0,24+0,14=0,38.

If one wants to determine the probability of an event A that can occur with

one of n events, which are called hypotheses and form a complete group of
incompatible events, one should use the formula for total probability

P(A) =§P(Hi)P(NHi). (15)

It should be taken into account that the events H,,H,,....,H_ in this
experiment form a complete group of incompatible events and as a result of the
experiment only one of them will necessarily occur. It is obvious that
P(H)+P(H,)+..+P(H ) =1

Example. Suppose two factories produce identical products, which are then
delivered to a warehouse and mixed. The probability of defective products at the
first factory is 0.1, while at the second factory it is 0.2. Determine the probability
that a randomly selected product will be defective if the first factory produces 60%
of the products and the second factory produces 40%.

Solution. Let us select the events for consideration: A — a randomly selected
product is defective, H;— the product was manufactured at the first plant, H,- the
product was manufactured at the second plant. According to the terms of the
assignment P(H,)=0,6; P(H,)=0,4; P(A/H;)=01 P(A/H,)=0,2.

So P(A)=P(H,)P(A/H,)+P(H,)P(A/H,)=0,6-01+0,4-0,2=0,14.

Usually, in the conditions of the previous problem, it is necessary to
determine the probability P(H,/A) that event A, which is considered to have
occurred, occurred simultaneously with the eventH,. This probability is
determined by Bayes' formula:

p(H, / Ay = (HIP(AH) (1.6)
> P(H)P(AH)

Example. According to the conditions of the previous problem, it is
necessary to determine the following probability: if a randomly selected product

turns out to be defective, then it was manufactured at the second plant.
Solution:

13



P(H,)P(A/H,) _ 0,4-0,2
P(H,)P(A/H)+P(H,)P(A/H) 0,6-01+0,4-0,2

P(H, / A) = = 0,556.

Most applications of probability theory involve random variables. A random
variable is a quantity that, in an experiment, acquires one of its values, and which
one is unknown in advance. For example, the number of students present in a class;
the number of calls received at a telephone exchange during a given period of time.
It is generally accepted that random variables are denoted by capital letters, and
their possible values by corresponding lowercase letters of the Latin alphabet with
subscripts. For example, X,Y,Z and, accordingly, X;,Y;,Z,.A distinction is made

between discrete (discontinuous) and continuous random variables.

A random variable is completely described by a distribution law, which
establishes a one-to-one correspondence among the possible values of the random
variable and its probabilities.

1.1.2 Discrete random variables

Discrete random variables can only take on a finite or countable set of
values. For example, the number of defective items in a tested batch or the number
of hits in n shots. One way to represent the distribution law of a discrete random
variable is as a distribution series, written as a table listing the possible values of
the random variable in ascending order and their corresponding probabilities (Table
1.1).

Table 1.1 — Representation of a discrete random variable
X X1 X7 Xn
p P1 P, Pn

Here p,=P(X=x),1=12,..,n, besides Zpi=1, since  events
i=1

X =% (1=42,...,n) form a complete group of incompatible events. The last

equality is used to verify the correctness of the distribution series construction.

For clarity, a distribution series is often depicted graphically as a distribution
polygon: the value of a random variable is plotted along the abscissa axis, the
probabilities of these values are plotted along the ordinate axis, and the resulting
points are connected by straight line segments, as shown in Figure 1.3,

14
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Figure 1.3 — Distribution polygon

The representation of a discrete random variable in the form of a table or
distribution polygon becomes overwhelming with a large amount of data, therefore,
to describe the entire set of values of a discrete random variable, a number of
generalizing non-random numerical characteristics are used: mathematical
expectation, dispersion, standard deviation, variation coefficient, mode.

The mathematical expectation of a random variable is its mean value. The
mathematical expectation of a discrete random variable X is denoted as
M(X), M[X], M,, m, or simply m, if it is known to what quantity it belongs, and
is calculated using the formula:

m, :anxi P; (1.7)

Dispersion. The mathematical expectation of a random variable X is the
squared deviation of the random variable relative to its mathematical expectation.
The variance of a random variable X is denoted by D, or simply D if the variable it

refers to is known, and is calculated using the formula:
n
D, =2 (% —mJ)°p;. (1.8)
i=1

After simple transformations, we obtain another expression for calculating
the variance:

n
Dy = lez Pi — m)% = Hox — m)%’ (1.9)
i=1

n

Where 1, = Zx,z p; — the second initial moment — is another characteristic of the
i=1

discrete random variable X used in complex scientific applications. Expression
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(1.9) allows for a reduction in the number of computational operations compared
to expression (1.8), which is essential when calculating manually.

Variance is expressed in squares of the unit of measurement of the random
variable X, which can lead to confusion. For example, if the random variable is
measured in meters, then the variance will be measured in square meters, which is
the unit of measurement for area. Therefore, in addition to variance, the standard

deviation, usually denoted as o, oroand calculated using formulas

Oy :\/Hx: ;(Xi -m)°p, = ;Xizpi —m; =\ Hay -m;. (1.10)

Note. In foreign literature and in computer mathematics systems, for
example Maple, instead of the term root mean square deviation, the term standard
deviation is used, which has the same meaning.

To assess the degree of dispersion of a random variable relative to the
mathematical expectation in dimensionless quantities, the variation coefficient is
used, calculated using the formula:

v, =—% (1.11)

The higher the value of the coefficient of variation, the greater the spread and
the less uniformity of the random variable. The coefficient of variation is typically
used to compare the dispersion of two or more features with different units of
measurement.

The mode of a discrete random variable X is its most probable value.

The mathematical expectation has the following properties:

1. The mathematical expectation of a constant value C is equal to the
constant value itself: M(C)=C.

2. The constant factor can be taken outside the sign of the mathematical
expectation: M(CX) =CM(X).

3. The mathematical expectation of the algebraic sum of two random
variables is equal to the algebraic sum of the mathematical expectations of the
corresponding random variables: M(X £Y)=M(X) £ M(Y).

4. The mathematical expectation of the product of two random variables is
equal to the product of the mathematical expectations of the corresponding random
variables: M(X-Y)=M(X)-M(Y).

The dispersion has the following properties:

1. The dispersion of a constant value C is equal to zero: D, (C)=0.
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2. The constant factor is taken out squared outside the dispersion sign:
D(CX)=C?D(X).

3. The variance of the algebraic sum of two random variables is equal to the
sum of the variances of the corresponding random variables:
D(X £Y)=D(X)+D(Y).

4. If a constant is algebraically added to a random variable, the variance will
not change: D(X +C) =D(X).

1.1.3 Continuous random variables

Continuous random variables can take any value within a certain interval.
For example, the deviations in the dimensions of parts from the required values, the
weighing error of an object on an analytical balance, or the velocity of a moving
object at a given moment in time. Continuous random variables are described by
either a distribution function or a distribution density function.

The distribution function of a random variable X is a function F(x), which is
equal to the probability that this random variable in the experiment will take a value
less than x, i.e.

F(X)=P(X <Xx).

The distribution function has the following properties, which follow from its

definition:

0<F(X) <1, that is, its values belong to the segment [0; 1].

F(+0) =1.

F(—0)=0.

The distribution function F(x) is a non-decreasing function.

From the last property of the distribution function it follows: the probability

that a random variable X will take a value from the interval (a, b) is equal to the
increment of the distribution function on this interval:

P(a< X <b)=F(b) - F(b). (1.12)

A typical distribution function graph is shown in Figure 1.4.
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Figure 1.4 — Typical appearance of the distribution function graph

Distribution density of a continuous random variable X - is the derivative of
its distribution function: f(x)=F'(x). From here, F(x)= j f (x)dx. A typical
graph of the distribution density of a random continuous :ariable (lognormal
distribution) is shown in Figure 1.5.
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Figure 1.5 — Typical appearance of a distribution density graph

From the properties of the distribution density it follows that the probability
that a continuous random variable X will take a value from the interval (a, b) is
equal to a certain integral of the distribution density, taken within the range from a
to b:

P(a<x<b):j)'f(x)dx. (1.13)

Hence, the area of a curvilinear trapezoid bounded by the axis 0,x and a

distribution density curve equal to one.

As for discrete random variables, for continuous ones, generalizing non-
random numerical characteristics are widely used: mathematical expectation,
variance, standard deviation, coefficient of variation, which have the same
meaning.
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The mathematical expectation is calculated using the formula
m= [ xf(x)d. (1.14)

The variance of a continuous random variable X is calculated using the
formula:

D= [ (x—m)* f (x)dx. (1.15)

The standard deviation and the coefficient of variation are calculated in a
similar way to the calculation of discrete random variables: o =+/D, v=0c/m.

It should be noted that for most distribution laws, expressions of these
characteristics have already been found and given in the relevant textbooks and
reference books, for example in [8, 10].

Although there are many potential distribution laws, only a small subset are
widely used in practice. Particularly common are the normal, exponential, and
uniform distribution laws.

Normal is the probability distribution of a continuous random variable X,
which is described by distribution density

F(X) = — o () /20" (1.16)
o217

Numerical characteristics: mathematical expectation — m_=a, dispersion —
D, =o’, standard deviation — o, fashion — M_=a, median — M_=a, the
asymmetry coefficient is As =0, the excess coefficientis Ex=0.

The graph of the density of a normal distribution is called a normal curve
(Gaussian curve). Figure 1.6 shows graphs of the density of a normal distribution
for different values of the mathematical expectation (parameter a) and the standard
deviation (parameter o).

8 6 -4 2 U 2 4 b 8
Figure 1.6 — Gaussian curve
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For a normally distributed random variable X, the probability that X will take
a value belonging to the interval (a,,B), Is equal to

s
P(a< X < f) =ﬁ [0/ Zdzdx:q{ﬂj _ @(“T_aj, (1.17)

a o)

2

where d(x) = 2dt — Laplace function, the value of which is given in

L e

\/Z 0

Appendix A.
Exponential is called the probability distribution of a continuous random

variable X, which is described by the distribution density:
0, x<0,
f(x)= 1.18
) {ie”,xzo, (L.18)
where A — constant positive value.
Exponential distribution function

0, x <0,
F(X) :{1—e“, >0, (1.19)

The graphs of the distribution density and distribution function for the
exponential law are shown in Figure 1.7.

Numerical characteristics: mathematical expectation — m =1/4, dispersion —
D, =1/ #, standard deviation — /1, fashion — M_, =0, median — M_ =In 2/, the
asymmetry coefficient is As, =2, the excess coefficient is Ex=6, coefficient of
variation — v_=1.
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Figure 1.7 — Exponential distribution law
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For an exponentially distributed random variable X, the probability that X
will take a value belonging to the interval (a,,B), equals

B
Pla<X <p)=[le"dx=e" —e™. (1.20)

The main property of the exponential distribution is the absence of aftereffect
(or memory, characterized by the equality P(X >t+s|X >s)=P(X >t)). This

means that the probability of an event occurring in the future does not depend on
how much time has passed. The exponential distribution is fundamental in
queueing theory, and most models studied are based on this distribution.

The probability distribution of a continuous random variable X is called
uniform if on the interval (a,b), to which all possible values of a random variable

belong, the distribution density maintains a constant value, namely:

0, X<a,

F(x)=4—1 a<x<bh, (1.21)
b—a
0, X>h.

Uniform distribution function

0, X<a,

F()=4X=2 a<x<h, (1.22)
b—a
1 X >D.

The graphs of the distribution density and distribution function for the
uniform law are shown in Figure 1.8.
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Figure 1.8 — Uniform distribution law:
a — graph of distribution density, b — graph of distribution function

21



Numerical characteristics: mathematical expectation — m =(b+a)/2,
dispersion — D, =(b-a)?/12, standard deviation — (b—a)/+/12, median —
M, =(b+a)/2, the asymmetry coefficient is As =0, the excess coefficient is
Ex=-1,2, coefficient of variation —v, = (b —a)/~/3(b+a).

To calculate the probability of a random variable X, uniformly distributed,
falling into an interval (e, ) you can use formula (1.12) or (1.13).

1.1.4 Mathematical statistics

The mathematical laws of probability theory are mathematical expressions
(models) of real-world patterns that exist in mass random phenomena. Indeed, the
frequency of landing on heads in repeated coin tosses tends in probability to the
corresponding probability:

p* _ Mhyominal by probability at_n—so _ Mevorable _ 1

>

r]throwing ntotal 2

In probability theory, we've used various distribution laws and their
characteristics. A logical question arises: where do these laws come from? The
answer is simple: all distribution laws are derived from experience and practice.
Every study in the field of random events is based either on experimentation or on
the observation of random events, which results in the formation of so-called
statistical data. The development of methods for recording, describing, and
analysing statistical experimental data is the subject of a specialized science:
mathematical statistics.

The main task of mathematical statistics is analysis of statistical data
depending on the research objectives. This includes:

a) estimation of an unknown probability of an event; estimation of an
unknown distribution function; estimation of the parameters of a distribution whose
type is known; testing of statistical hypotheses about the type of an unknown
distribution or about the values of the parameters of a distribution whose type is
known.

Let's say we need to study a set of homogeneous objects with respect to some
qualitative or quantitative characteristic that characterizes them. For example, if we
have a batch of products, the qualitative characteristic might be the grade of a unit
of production or its colour, and the quantitative characteristic might be the
controlled weight of a unit of production. The entire set of objects to be studied is
called the general population.
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Typically, a limited number of objects are selected from a population and
subjected to study. A sample population, or simply a sample, is a set of randomly
selected objects from a population. The size of a population (either a sample or a
general population) is the number of objects in that population. For example, if 100
parts are selected for study out of 1,000, then the general population size is
V =1000, and the sample size is N =100.

To construct models based on experimental data in queuing theory, the
primary focus is on the type of distribution law of a random variable and its
parameters. For this purpose, during the system survey stage, an interval
distribution and a so-called relative frequency density histogram are constructed.
For this, the interval containing all observed values of the attribute, H, is divided
into several partial intervals m of length h=H/m, and the value of the distribution
function is found for each partial interval n, — the sum of the frequencies of the

variants that fall into the i-th interval and w, — relative frequencies equal to the ratio

w. =n./N ."The results of such processing can be presented in the form of an
interval distribution table:
Table 1.2 — Interval distribution of feature values

Xi, Xi+1 | X1, X2 | X2, X3 Xm-1, Xm
N Ny Ny Nm
Wi W1 W> Wn

Note that wy + w, +...+ wn = 1.

A relative frequency density histogram is a stepped figure consisting of
rectangles, whose bases are partial intervals of length h, and whose heights are
equal to the densities of relative frequencies - p,, calculated using the formula:

Nn.
L 1.23
Noh (1.23)

If we consider p, as a function of x, then this will be the empirical

Pi =

distribution density, and the relative frequency density histogram will be its graph.
To construct a relative frequency density histogram, partial intervals are plotted on
the x-axis, and line segments are drawn above them, parallel to the x-axis at a

distance p,..The area of the i-th partial rectangle is equal toh- Nni - /h =w, —the

relative frequency of the variants falling within the i-th interval. Consequently, the
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area of the histogram of relative frequencies is equal to the sum of all relative
frequencies, i.e. one.

Example A. The time intervals between successive requests entering the
system are fixed at &;. Construct a histogram of the relative frequencies of the

random time intervals included in the sample.
7.358.9770.528.05.2718.317.63.917.521.359.7 1.7322.463 .17.8234.2
7.3928.386.210.2 3.307.70 13.9..701 63.5 2.38 65.1 24.2 .116 38.3 37.3 30.8
74.7 23.459.320.1 25.1 76.6 10.920.1 1.05 25.95.16 67.0 33.121.1 11.0 43.5
26.9 27.7 31.50.30 9.01 20.6 14.3 49.3 6.85 2.54 62.4 15.5 44.7 60.4 65.8 17.5
4.58 119. 6.04 8.74 18.7 1.61 40.0 26.8 35.8 26.6 16.0 38.5 0.389 110. 17.9 1.89
27.95.246.6225.61.4147.413.13.2531.658.121.039.7 43.927.6 24.0 18.0
7.78 21.71.93 26.7

Solution. Based on the sample, we find the minimum value of the option -
& .. =012 and the maximum value option & =119. Thus, all options are in the
interval [0; 119] of length 119. Let's split it into 10 equal-length (h=11910=119)
partial half-intervals: [0; 11.9), [11.9; 23.8), [23.8; 35.7), [35.7; 47.6), [47.6; 59.5),
[59.5; 71.4), [71.4; 83.3), [83.3; 95.2),[95.2; 107.1), [107.1; 119]

We assign each sample value to one of these partial half-intervals and sum
the number of variants that fall into the first, second, third, ..., and tenth half-
intervals.

The result is: n =33 n,=21, n;=19, n,=10, ne=3, ng=9, n, =2,

ng=1 ng =0, ny=2.

Sample size N =100. Using formula (1.23), we calculate the relative
frequency densities p, for each half-interval: .

p, =0,02773; p, =0,01765; p, =0,01597; p, =0,0084; p, =0,00252; p, =0,00756;
o, =0,00168; p, =0,0084; p, =0,00; p,, =0,00168.

On the abscissa axis we plot partial intervals of length 11.9, and above them
we draw segments parallel to the abscissa axis at a distance of the calculated p.,.
The desired histogram of relative frequencies is shown in Figure 1.9.
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Figure 1.9 — Histogram of relative frequencies
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Based on the appearance of the relative frequency histogram, one can
hypothesize about the distribution law that governs the sample data. For example,
Figure 1.9 suggests that the random variable — the time intervals between requests
entering the system — observes an exponential law (see figure 1.7).

Constructing statistical distributions for a sample and plotting them
graphically is only the first step in analyzing a statistical data series. The next step
Is finding numerical characteristics that compactly express the most important
features of the sample's statistical distribution. It should be noted that any
numerical characteristic calculated based on a limited sample contains an element
of randomness and will vary from sample to sample. An approximate value of any
parameter in a statistical sample is called an estimate of the parameter. Using an
approximate parameter value instead of an exact one introduces errors. It is
desirable to select estimates so that errors are minimized.

A number of requirements are imposed on the numerical characteristics of a
sample: unbiasedness, efficiency, and consistency [8]. In queuing theory, the main
numerical characteristics of a sample are the estimate for the mathematical
expectation and the estimate for the variance.

An unbiased and consistent estimate for the mathematical expectation is the
sample mean, calculated using the formulas:

N
m*:>‘<:l(x1+x2+...+xN):in1, (1.24)
N N =
where N is the sample size, and all options are different and
m*:izlinixi, (1.25)
N =

if there are repeating variants, the number of which is m.
An unbiased and consistent estimate for the variance is calculated using the
formulas:

“ 1 & «\2 « 1 & «\2
D _N—_liz_l:(xi —-m'J orD _N—_liz_l:ni(xi —m'). (1.26)

To estimate the standard deviation, the value is used o, equal to the square

root of the sample variance:o” =+/D".

To compare several statistical distributions in terms of their dimensionality
relative to the sample mean, the coefficient of variation is used, which is equal to
the ratio of the estimates for the standard deviation and the mathematical
expectation:
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vi=2_ (1.27)

Based on the analysis of the distribution histogram, a theoretical distribution
can be selected that describes the population and depends on one or more
parameters. In some cases, the distribution type is known a priori. For example, the
time between device failures is typically subject to an exponential distribution,
while the deviations of measurement results from the true value are normally
distributed. It is necessary to estimate the distribution parameters. For this purpose,
the method of moments proposed by K. Pearson and the maximum likelihood
method developed by R. Fisher are used.

The method of moments consists of equating the initial or central moments
(mathematical expectation, variance, etc.) of a theoretical distribution, which are
functions of the distribution parameters, to the corresponding moments calculated
from a sample, and solving one or more equations with respect to the distribution
parameters.

Example B. From the analysis of the histogram constructed based on the
sample of previous example and shown in fig. 1.9, it was concluded that the
random variable = (xi) — the time intervals between the moments of arrival of
requests in the system — obeys an exponential law with a distribution density

e t>0,

the distribution using the method of moments.
Solution. From paragraph 1.3 it is known that the parameter A of the

0, t<0,
f(t) ={ . It is necessary to find a point estimate for the parameter A of

exponential distribution is defined as A :l. Using the data and formula 1.21, we
m

find an estimate for the mathematical expectation of the sample — m" =27,054,

. 1
respectively A =4 =27—054=0,O3696. Figure 1.10 shows a graph of the density

distribution of a random variable — the time intervals between the moments of
arrival of requests with an estimated parameter into the system, superimposed on a
histogram of relative frequencies (Figure 1.10).
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Figure 1.10 — Summary graph of experimental and theoretical divisions

A good match between the graphs of theoretical and experimental
distribution densities is evident.

Above, based on an analysis of the relative frequency histogram constructed
from the sample data, it was hypothesized that the distribution of the random
variable E — the time intervals between the arrival of requests into the system —
follows an exponential law. Such hypotheses are called statistical hypotheses in
mathematical statistics.

Statistical called a hypothesis about the type of an unknown distribution, or
about the parameters of known distributions.

Along with the proposed hypothesis, a contradictory hypothesis is also
considered. If the proposed hypothesis is rejected, then the contradictory hypothesis
holds. For this reason, it is useful to distinguish between these hypotheses. The
proposed hypothesis is called the null (main) hypothesis H .

Competing (alternative) call the hypothesisH,, which contradicts the zero

one.

For example, if the null hypothesis is that the mean m of the exponential
distribution is 10, then a competing hypothesis might, in particular, be that m=10.

A hypothesis may be correct or incorrect, so it needs to be tested. Since the
testing is performed using statistical methods, it is called statistical. As a result of
statistical testing of a hypothesis, an incorrect decision may be made in two cases,
I.e., two types of errors may be made.

Type | error is that the correct hypothesis will be rejected.

Type 11 error is that the wrong hypothesis will be accepted.
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It should be emphasized that the consequences of these errors can be quite
different. For example, if the correct decision to "continue construction of a
residential building™ is rejected, this Type I error will result in material damage;
however, if the incorrect decision to "continue construction” is made despite the
risk of collapse, this Type Il error can result in loss of life. There are examples
where a Type | error has more serious consequences than a Type Il error.

The correct decision can also be made in two cases:

1) the hypothesis is accepted, and in fact it is correct;

2) the hypothesis is rejected, and in fact it is incorrect.

If the main hypothesis H, contains an assumption about the parameters of a

known distribution, then the statistical criterion for testing it is called parametric. If
the hypothesis concerns an unknown distribution, then the corresponding criterion
is called the goodness-of-fit criterion.

Definition. The probability of making a type | error is usually denoted by «;
it is called the significance level. Most often, the significance level is taken to be
0.1; 0.05; 0.01, or 0.001. If, for example, a significance level of 0.05 is adopted,
this means that in five cases out of a hundred there is a risk of making a type | error
(rejecting the correct hypothesis).

To test the null hypothesis, a specially selected random variable is used, the
exact or approximate distribution of which is known. This variable is denoted by U
or Z if it is normally distributed, F or v’ — according to the Fisher-Snedecor law,
T — according to the Student's law, y* — according to the chi-square law, etc. For
the sake of generality, we will denote this value by K.

Statistical criterion called the random variable K, which serves to test the
null hypothesis.

To test a hypothesis based on sample data, the partial values of the quantities
included in the criterion are calculated and thus the partial (observed) value of the
criterion is obtained.

Observed value K is the value of a statistical criterion calculated from

samples. For example, if corrected sample variances are found for two samples
s; =20 and s; =5, then the observed value of the F criterion is equal to the ratio
=s’/s? =20/5=4,

After selecting a particular criterion, the set of all its possible values is
divided into two disjoint subsets: one of them contains the criterion values for

which the null hypothesis is rejected, and the other contains those for which it is
accepted.

of two variances, F

Habn
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Critical region is called the set of criterion values for which the null
hypothesis is rejected.

The area of acceptance of the hypothesis (the range of acceptable values) is
the set of criterion values for which the hypothesis is accepted.

In queuing theory, a hypothesis about the distribution of a general population
IS subject to statistical testing. Statistical criteria for testing this hypothesis are

specially called goodness-of-fit criteria. One such criterion is the y2(chi-square),
proposed by the American statistician K. Pearson and named after him.
In this criterion, the measure of the divergence of the distribution put forward

by the hypothesis (theoretical distribution) from the real one is the value ;(cfbs :

m _ )2 m(h _n 2
Xabs =i§(n‘ N';'_p') —izl‘,(”' n_.n') , (1.28)

Where n,=Np, -theoretical frequencies of values of a random variable;
n; —empirical frequencies of values of a random variable;

m — the number of different values or groups of values of a random
variable.

Size y4.— a random variable with a chi-square distribution with the number

of degrees of freedom k:
k=m-s-1, (1.29)
where m is the number of groups of the empirical distribution;
s — the number of parameters of the theoretical distribution that are estimated
from the empirical distribution.
Based on the selected significance level o and the number of degrees of

freedom k=m—s—1 in Appendix 2 of the critical points of the distribution 7?2, a
value yZ2 is found such that P{Zfbs > y2 }: a. If it turns out that the value of the
quantity calculated from the sample xZ,, got into the range of acceptable values,
i.e. x5 < x&, then the sample is considered to confirm the hypothesis that the
general population has a distribution function F(x). If the numerical value 3

will be in the critical region, i.e. 5, > 2, then the formulated hypothesis is

rejected.
It should be borne in mind that the adoption of a chi-square distribution for

the quantity ;(fbs Is considered acceptable if for all wvalues
1=12,...m N-p, >5.
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Example. At a significance level of 0.05, test the hypothesis that, based on
the sample data from example A, the distribution of the random variable E — the
time intervals between the moments of requests arriving in the system — obeys an
exponential law.

Solution. In example B, the exponential law parameter was obtained
A=0,03696. We will find the theoretical frequencies using the formula for

calculating the probability of a random variable distributed according to an
exponential law falling into the interval (a_4, ;) — (1.20):

n'=N-P(a, <Z<a)=N(exp(-1a_) —exp(-4a))-
We have:
n =N-P(0<Z<119)=100-(exp(-0,03696 - 0) — exp(—0,03696-11,9)) ~ 35,6 ;
n, =N -P(119<Z=<238)=100-(exp(-0,03696-11,9) — exp(—0,03696 - 23,8) ) ~
~229;
n,=N-P(238<=<357)~14,7;n, =N -P(357<Z<47,6)~9,5;
n.=N-P(47,6<=<595)~61;n. =N-P(595<=<714)~39;
n,=N-P(7L4<=<833)~25;n, =N -P(833<=<952)~16.
n,=N-P(952<=<1071)~11;n, =N -P(1071<=<119)~0,7.
Let's compare the empirical and theoretical frequencies using Pearson's test:
a) calculate the observed value of the Pearson criterion
, i(n‘ -N-p) _ i(n‘ -n/) (33-356) .\ (21-22,9) .\ (19-14,7) .

Fun =&NTp & o 336 22,9 14,7
2 2 2 2 2
+(10—9,5) +(3—6,1) +(9—3,9) +(2—2,5) +(1—1,6) .\
9,5 6,1 39 2,5 16
2 2
+ (0-11) + (2-07) ~13,72.
11 0,7

b) using formula (1.26) we determine the number of degrees of freedom:
k=10-1-1=8;

c) according to the table of Appendix 2 of critical distribution points 2, for
the significance level =0,05 and the number of degrees of freedom k =8 let's
find the critical point of the right-hand critical region: 7 (0,05;8)=155.

Because y.. < x&, then we accept the hypothesis of the exponential

distribution of the random variable = — the time intervals between the moments of
arrival of service requests in the system.
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1.2 Principles of the theory of stochastic processes

1.2.1 Basic concepts of stochastic processes

A single-line queuing system (then the queue system) functions as follows. A
service request that arrives in the system when the service device is free is accepted
for service. The remaining requests that arrive in the system when the service
device is busy are placed in a queue. After the next request is serviced, the service
device selects a request from the queue and starts servicing it. If there are no
requests, the service device is idle, waiting for the next request to arrive. That is, in
a queuing system, both when requests arrive and after they are finished, the number
of requests in the queue and in the system (the number of requests in the queue and
in service) is continuously changing.

As is known, a process is understood as a sequential change in the states of
an object over time [11]. Thus, various processes occur in queuing systems. Figure
1.11 shows the time diagrams of the basic processes in a single-line queuing
system.
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Figure 1.11 — Processes in a single-line queuing system

So, Figure 1.11,a shows the process of requests arriving in the system. The
moments of arrival are marked with points t;. For each incoming request, the
number of requests in the system increases, and if the serving device is busy, the
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length of the queue also increases. Figure 1.11,b shows the moments of the service
requests completing (marked with points t;). Accordingly, the length of the queue
and the number of requests in the system decrease. Figure 1.11,c shows the process
of sequential service of requests on the serving device. The numbers indicate the
numbers of requests that are served. Figure 1.11,d shows a time diagram of the
change in the number of requests in the queue, and figure 1.11,e shows a time
diagram of the change in the number of requests in the system. From figure 1.11 it
follows that the states of the queuing system change at random moments of time,
accordingly, all processes are probabilistic and, in order to study them, it is
necessary to use the theory of stochastic processes.

Definition. In mathematics, a random process is a function of two
arguments, the values of which are random variables [7]:

E) =g t),n=01..,N,teT, (1.30)

where N +1- the number of elementary events (it can be infinite); t is a parameter;
T is a set of values of the parameter T.
For each value of the parameter t, the function ¢(n,t)is a function of n only

and is therefore a random variable. For each fixed value of the argument n (i.e., for
each elementary event) ¢(n,t) depends only on t and is, therefore, simply a

function of one real argument. Each such function is an implementation of a
random process. Figure 1.11,d shows the implementation of a random process of
changing the number of requirements in the system, where at each time the number
of requirements in the system is a random variable. As the parameter t in relation to
the queuing system, time is used.

Depending on the type of the set T of values of the argument t, random
processes can be divided into four types:

— processes with discrete states and discrete time;

— processes with discrete states and continuous time;

— processes with continuous states and discrete time;

— processes with continuous states and continuous time.

Example. Let us have several implementations of random processes
S(t) =p(n,t):x (1), X, (t),...,X, (t), presented in Figure 1.12.
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Figure 1.12 — Implementation of a random process £ (t) = @(n,t)

The bold line indicates a function around which different realizations are
possible. This function is called the mathematical expectation of a random process.
To obtain the function, a mathematical description of the random process is
required, and it can be different for each type of random process.

From the analysis of probabilistic processes of queuing systems (Fig. 1.11) it
follows that they are processes with discrete states and continuous time. The state
of the system can be considered the number of requests in the system. Depending
on the type of queuing system, it can be finite (for systems with a limited queue) or
infinite. From Figure. 1.12 it is clear that for a specific value of the parameter t the
state of the system changes from implementation to implementation, and therefore
only its probability or the corresponding moments (mathematical expectation,
variance) can be estimated.

Once a request enters the system, it spends some time in the queue, in
service, and in the system as a whole. These characteristics can be studied using the
theory of stochastic processes with discrete states and continuous time.

The most studied are the following types of random processes: processes
with independent increments, processes with uncorrelated values, normal random
processes, Markov processes. In the theory of queuing, due to the specificity of the
nature of the flow of requests and service time, most problems are solved with the
involvement of the theory of Markov processes. Its advantages are a perfect
mathematical apparatus, the ability to study both non-stationary and stationary
processes, and a visual interpretation of the research results.
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A random process is called a Markov process (or a process without
aftereffects) if, for each time instant t, the probability of any state of the system in
the future is determined only by its current state and does not depend on how the
system acquired this state. The time parameter t can be considered both as discrete
and as continuous, which results in different research methods.

1.2.2 Markov random processes with discrete time

Markov random processes, or Markov chains, are named after our compatriot
who first studied them. Let the system wunder study be in states
o(nt),n=0,1 2,..., N;t=0,1 2, 3,.... Possible transitions from state ¢(i,t) in the
state ¢(],t),0<1, ] <N, they occur at discrete moments in time t=0,1, 2, 3,.... Let
p,(t) denotes the probability of the state ¢(n,t) at time t. Then the vector
[P()]=[p, (1), p,(t)...., py (t)] describes the probabilities of the system being in a
particular state at a discrete time t. Let us denote by p;(t),0<i, j <N, conditional
probability that the system, being at time t in the state ¢(i,t), will enter the state
o(],t+1)at time t+1 (so-called transition probabilities), then

pj(t+1):_§l] 0,0 p, (). j=0.12,...N (1.31)

Equation (1.31) and the initial conditions completely describe the Markov
chain. If the transition probabilities are time-independent ( p; (t) = p;), then such a

chain is called homogeneous (otherwise inhomogeneous). Mostly homogeneous
Markov chains are used. For a homogeneous Markov chain, equation (1.31) can be
written as follows:

p,t+D=3 pt): P, =012...N. (1.32)

Matrix

pOO pOl pOZ et pON
plO pll p12 e plN
Ol=| py Py Py - Py (1.33)

pNO le pNZ e pNN_

Is called a one-step transition probability matrix or a stochastic matrix. Its row
probabilities have the following property:
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i p, =1. (1.34)

j=0

Equation (1.32) in matrix form can be written as follows:

[Pt+D]=[P®)]-[r1]. (1.35)
Expression (1.35) allows us to find the probabilities of the system state in

one step. If we want to find the probabilities of the system in two steps, we do it
like this:

[P(t+2)]=(P®]-[r1)-[r1]=[Pt)]- [T} (1.36)

By induction we obtain

[Pet+k)]= (P[] -[rT]=[Pev)]- [}, (1.37)
from which the most important characteristic of a Markov chain follows — the
transition matrix from state ¢(i,t) in the state ¢(j,t+k) in k steps

[P ]=[r1] (1.38)

Example. Let there be three alternative smartphone models: a, b, c. A survey
was conducted among consumers regarding their attitude towards these models.
The proportion (frequency) of consumers who prefer one or another model was
determined: p,(0) =0,6; p,(0)=0,3; p,(0)=01. Over the course of a month,
consumers are surveyed about whether they continue to prefer their chosen models
or whether they would like to change the type of model according to their
preferences. The frequencies obtained can be considered conditional probabilities
of switching:

paa = 0’2’ pab = 0’5’ pac = 0’3’ pba = 0’4’ pbb = 0’1’ pbc = 0’5’
pca = 0’5’ pcb - 072’ pcc - 0’3
A new survey was conducted a month later, etc. Assuming that consumer

preferences do not change over time, we obtained a homogeneous Markov chain
with a transition probability matrix:

02 05 03
[f1]={04 01 05|
05 02 03

For clarity, it is convenient to present the studied process in the form of a
graph (Figure 1.13).
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Figure 1.13 — System state graph

Using formula (1.35), we determine the consumer benefits per month:
02 05 03
[Pt+1)]=[P@®)]-[r1]=[0,6;0,3;01]-|04 01 0,5|=[0,29;0,35;0,36].
05 0,2 03
S0, 29% of all consumers voted for model a, and 29% for model b.

b — 35%, for model ¢ — 36%. In two months we will get:

02 05 03
[P(t+2)]=[P(t+1)]-[r1]=[0,29;0,35;0,36]-| 0,4 01 0,5|=[0,378;0,252;0,37}
05 02 0,3
In three months we will receive:
02 05 037
[P(t+3)]=[P®)]-[1] =[0,6;0,3;01]-| 0,4 01 05| =[0,361;0,288;0,351]
05 02 0,3
In six months —
02 05 037
[Pt+6)]=[P®)]-[11] =[0,6;0,3;01]-|0,4 01 05| =[0,362;0,281;0,357}
05 02 03

We can conclude that probabilities tend to their limits when k — o This

property is called ergodic, according to which a system described by a Markov
chain eventually transitions into a stable, stationary state, for the existence of which
certain conditions are necessary.
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Let us introduce some concepts. If the stochastic matrix [IT] looks like

0 B

otherwise it is indecomposable. A system in state A will never go to state B and
vice versa. Example of a decomposable matrix:

Py P O 0
P P 0 O

0 0 Py Pu
0 0 Pz Pus .

A 0
{ } where A and B are square submatrices, then it is called decomposable,

0 C
If the stochastic matrix [I1] looks like {D O] where C and D are square

submatrices, then it is called periodic, otherwise it is non-periodic. The system will
periodically transition from state C to state D, and vice versa.

If a Markov chain is indecomposable or non-periodic, then for the system it
describes there is a stationary state [12] and

im [P(t+k)]=lim [p, (t+K), p,(t +K),..., p, ¢ +K)]=[7,, 7, 7)o} (1.39)

Let us denote the stationary probabilities 7, 7,,...,z,, or (in matrix form) —
[p(OO)]= [71'1,72'2,...,7Z'N]. To determine the stationary probabilities, we use
expression (1.35), which can be written as follows:

[p()]=[p()]-[rT], (1.40)
it needs to be solved relatively [p(oo)]. Let us write equation (1.40) as follows:
[p()]=[p(0)]-[1T]=0=[p(=0)]- [T1] - [p(e0)]= 0= [ p(ec) [[11]- 1) =0,

where | is the identity matrix. Expanding the matrices, we obtain:

Poo -1 Po Pon
-1 ..
[z, 7007, ] Po Pu P =0. (1.41)
L pNO le pNN _1_

Finally, we will obtain the following system of equations:
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(pOO _1)7[0 + ploﬂ-l + p207z-2"'+ pNOﬂ-N = 0’
pOlﬂ-O + (pll _1)7[1 + p217[2...+ leﬂ-N = O’
Poa?o + Py, 77 +(p22 _1)7[2-"+ Py = 0, (142)
Pon7Zo + Pin 7y, + p2N7z-2"'+(pNN _1)7[N =0.
In the system of equations (1.42), one of the equations must be replaced by
the so-called normalization condition:
w, w4, +. . +m, =1 (1.43)

Let us define the stationary probabilities for a Markov chain according to
example. The system of equations (1.42) for it will have the following form:
(0,2-Y)z, +0,47, +0,57_ =0,
0,57, + (01-1)7z, +0,27,.=0,
0,37, + 057, +(0,3-)x, =0.

Normalization condition: — 7, + 7, + 7, =1. Replacing, for example, the last
equation by the normalization condition, we obtain a system of equations for

Ty 70,4 7T,

—08n, +04n, +05m, =0,
05n, -09m, +0,2n,.=0,
1w, +1m +1n, =1

Let's solve it using Cramer's rule through determinants:

0 04 05 ~08 0 03 —08 04 0
0-09072 05 0 02 5-09 0
1 1 1 1 1 1 1 1
m, = _058_ 43631, = =0.281; 1, = =0356
—08 04 05 312 —08 04 05 —08 04 05
05-09 02 05-09 02 05-09 02
1 1 1 1 1 1 1 1

The probabilities calculated in the sixth step of the example practically
coincide with the stationary probabilities when studying the process of changing
consumer preferences over time.

1.2.3 Markov random processes with discrete states and continuous time

As can be seen from Figure 1.11, the transition of a system from one state to
another does not occur at fixed, but at random moments in time. To describe such
processes, Markov processes with discrete states and continuous time are used.
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Such processes describe the functioning of systems that acquire a finite
number of states during operation ¢(n,t),n=0,1, 2,...,N and move from one state
to another — ¢(k,t),k =0, 1, 2,...,N randomly at an arbitrary time t. Therefore, the
time the system spends in any state is a continuous random variable.

A continuous-time random process is called a Markov process with discrete
states and continuous time if the behaviour of the system after an arbitrary time
instant t is determined only by the state of the process at time instant t and does not
depend on the history of the process preceding time instant t.

The most important characteristic of a system is the probability that at time t
the system will be in the state ¢(n,t),n=0,1, 2,..., N — p,(t). It is obvious that for

any time t the sum of all probabilities is equal to unity. Let us denote by p,, (t, At)
probability of the system transitioning from state ¢(n,t),n=0,1 2,..., N in the
state o(k,t),k=0,1, 2,..., N in an infinitesimally small amount of time At. We

denote by A (t) such a limit:

. t, At
At—0
This characteristic is called the transition intensity or transition probability
density and generally depends on t. It follows from formula (1.44) that for a small
At transition probability with accuracy to infinitely small higher orders

Py (t, At) = 4, ()AL, At — 0. (1.45)

If everyone A, (t) = 4, do not depend on time, then the Markov process is

called homogeneous, otherwise it is inhomogeneous. Note that in the theory of
gueuing systems, mostly homogeneous Markov processes are used.

Similar to discrete-time Markov processes, graphs are widely used to
represent continuous-time processes. Each state is represented as a vertex of the
graph; between the vertices are marked arcs that reflect the possibility of the system
transitioning from the n-th state to the k-th in an infinitely small interval At; above
the arcs are placed the values of the transition intensities A,. Such a graph is

usually called a graph of states and transitions, based on this graph, Kolmogorov's
differential equations can be derived [13], which completely describe the behavior
of the system.

Example. Let the system S consist of two nodes — A and B, each of which
may fail during operation. The following system states are possible:

— ¥ — both nodes are working;
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— W1 — node A failed and is recovering, node B is working;

— ¥, — node A is working, node B has failed and is recovering;

— W3 — both nodes are restored, and the end time of the restoration of node A
does not coincide with the end time of the restoration of node B.

The intensities of transitions between states are known. The graph of states
and transitions will have the form shown in figure 1.14.

Let us derive the equation for the probability of state ¥o — P, (t). To do this,
we consider the probabilities of different transitions from the state ¥y and vice

versa in the time interval (t, t+At) .

Figure 1.14 — State and transition graph for a system with failures

At time t the system was in state Wo; the probability that it transitioned from
it to some other state is equal to p, - (4, + 4,,)At, and the fact that she remained in

it— 21— py(t) - (L; + Ap) - At. The probability that the system was in state V' at time
t and transitioned to state Wo over time At is equal to p,(1)-A4,-At. The
probability that the system at time t was in state ¥, and transitioned to state Wo IS
equal top,(t)-A,-At. Then, using the formulas for adding and multiplying
probabilities, we get:
Po (t + At) = (L— (Ag1 + Ag2)A) Po (1) + Ay - Pr (1) - At + Ay - P, (1) - At.
Let us open the brackets, move p,(t) from the right side to the left, divide the

entire equation by At and find the limit of the left and right parts at At —0. We
get:

lim po(”AAtz‘p°“’=—<zm+ﬂoz)po<t)+ﬂm-pl(t)wo-pz(t).

The left-hand side is the derivative of p,(t) by t. Finally we get:
pé (t) - _(ﬂ’ol + 202) po(t) + /110 ) pl(t) + ﬂzo ) pz(t) .

Generalizing the process of constructing a differential equation for the
probability of state Wo — P,(t), it is possible to compose a mnemonic rule for
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composing a differential equation for an arbitrary state ¥; using the marked graphs
of states and transitions — p, (t) [12]:

derivative of the probability of any state ¥; is equal to the product of the sum
of the transition intensities from the state ¥; into other states and probabilities
of state ¥;, taken with a negative sign, plus the sum of the products of the
transition intensities from other states to state W; on the probabilities of the
corresponding states.

For other states, the differential equations for the state probabilities will be as
follows:

PL(t) = (A + A:) Py (1) + Ay - Py () + Ay - P4 (D),
P, (1) = (A + 45) P, () + A, - 5 () + 4, - P, (D),
P5() = (A, + 4,) Py (1) + A - P. (1) + A5 - P, (1).
At the initial point in time, the system was operational, therefore
P,(0)=1,p,(0)=0, p,(0) =0, p,(0) =0.
As a result, we obtain a system of differential equations:
P (1) = (A + As) P () + Aoy - P (1) + Ay - P (1),
Po (1) = (A + 25) P, (1) + Ay, - Po () + Ay, - P4 (1),
Ps () =—(4y + A,) Ps (1) + A5 - P, (1) + A - P, (D),
Ps (1) =—(4y; + A,) P (1) + A - P(1) + Ay - P, (1)
with initial conditions
P, (0) =1, p,(0)=0, p,(0) =0, p,(0) =0.
Using the technology of solving systems of linear differential equations [15,
p. 54] for specific values 4,, one can find an analytical solution to this system. For
example, when

20y =08; A, =15, 4, =16; 4, =2,0; 4,, =13, 4,, =25, 4, =38, 1, =46
the solution of system (1.46) will look like this:
p, (t) = 0,8544sin( 0,2541t + 0,8943)e>**** +0,01e *** +0,32788,
p,(t) =—0,9290sin( 0,2541t + 0,2094)e**" —0,03e** +0,22471,
p, (t) =—-0,5642sin(0,2541t + 2,6592)e>*" —0,041e™** + 0,30371,
p,(t) =-0,1244sin( 0,2541t +1,0199)e*** + 0,062e **** + 0,14385.

Function dependency graphs p,(t), p,(t), p,(t), p,(t) over time is shown in
Figure 1.15.

(1.46)

41



It is clear that in the case of unlimited growth of t the function p,(t)cease to
depend on time and the system enters a stationary regime. That is,
Itim p.(t)=p,,i=0,12,3, where p,— constants. From the analysis of expressions

for functions p, (t)it follows that whent —oothey begin to equal the corresponding
constants on their right-hand side:

p, =0,327 88, p, =0,224 71, p, =0,303 71, p, =0.14385.

081 2y (t)
b(t)
06+
pz(ﬂ P (E‘)

0.4+

/ /
0.2- /

ot 05 1 15 2 25 3t

Figure 1.15 — Dependences of the probabilities of system states on time

The probabilities of the states of the system in the steady state can be
calculated by a simpler method. Given that ItIan p/(t) = ItIan p, =0, the system of

equations (1.46) changes as follows:

—(Ay +4,) P+ A, P+ A, - P, =0,
= (Ao +A3) P+ Aoy Py + A, - P, =0,
(A +A4,)P, + Ay, P+ 4, P, =0,
(A +4,) P+ Ay P+ 4,0 P, =0,
that is, it will pass into a system of linear algebraic equations with respect to
p,, 1=0,1,2,3, which is much easier to solve than a system of differential equations.

(1.47)

To find the probabilities of stationary states p,, 1=0,12,3it is necessary to solve
the system of linear algebraic equations (1.47) by replacing one of the equations
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with the normalization condition p, + p, + p, + P, =1. As a result, we obtain the
following system of linear algebraic equations regarding probabilities:
— (A +A,) Py + A, - P+ Ao P, =0,
—(Ao +A5) P+ Ay Py + 4, - P, =0,
—(Ay+ AP, + A, P+ A, - P, =0,
p,+p,+p,+p =1L
At 1,=08 4,=15 4,=16;1,=20,1,=13;1,=25 1,=381,=4,6
the solution to the system of linear algebraic equations will look like this:
p, =0,327 89, p, =0,224 70, p, =0,303 56, p, =0,143 85

(1.48)

This result, with an accuracy of 10, coincides with the result obtained by
solving the system of differential equations att — oo,

From the analysis of the graphs in Figure 1.15 it follows that most of the
operating time of the system described by the Markov process is in a stationary
state. Therefore, such systems are usually studied in a stationary state, which is
described by a system of linear algebraic equations. If a marked graph of states and
transitions is constructed, then for it a system of linear algebraic equations can be
constructed regarding stationary probabilities. In this system, for the probabilities
of each state W; —p, a linear algebraic equation is formed according to the

following rule:
zero is placed on the right side, and one on the left — the product of the sum of

the transition intensities from state W; to other states by the probability p.,

taken with a minus sign, plus the sum of the products of the transition
intensities from other states to state ¥; and the probabilities of the
corresponding states.

Mathematically, this can be written as follows:

_(ﬂ’ie—i_ﬂﬁd +"'+2’|s)'pi+zﬂ“ki'pk =0. (1.49)
k
One of the equations must be replaced by the normalization condition
g p =1. (1.50)

It is advisable to solve the formed system of linear algebraic equations using
a software application with appropriate capabilities, for example, the Matlab
computer mathematics system.
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1.3 Event flows and their characteristics

The process of receiving requests for service in the queuing system is
probabilistic and forms a stream of homogeneous or heterogeneous events that
occur at random intervals of time (Figure 1.16, where ti are the moments of receipt
of requests that form a stream of random events; i are the time intervals between
neighboring requests).

51 5] & 13 5
|S—— ¥ AT - - l"'t

vl e

&1 & <3 =4

Figure 1.16 — Process of receiving service requests

The basic parameter of the flow is the flow intensity A(t) — the mathematical
expectation of the number of events per unit of time:

A(t) =lim m, (¢, t+At) ’

At—0

(1.51)

that is, it is the limit of the ratio of the mathematical expectation of the number of
events — m, (t,t +At) on the interval (t, t + At) to the length of this interval

approaching zero.

If the values & are independent and identically distributed, then such a flow
Is called a flow with bounded aftermath (Palma flow). Thus, the basic description
of a flow is the distribution function A(t) = P{& <t}. Such flows are central to the
theory of queuing.

Each request received for service is on the service device for a random
amount of time 7, which is described by the distribution function B(t) = P{n <t}. If

we assume that there are requests at the input to the service device all the time, then
at the output of the service device a flow of serviced requests with the distribution
function B(t) will be formed. Therefore, service occurs as if a service flow is
directed to a request that has arrived for service. This formulation of the problem is
very convenient methodologically, since it allows for a generalized consideration of
the processes of receipt and service. Thus, in the queueing system, two types of
flows operate — receipt and service, which are characterized by different
distribution functions.

Random time intervals between the occurrence of events in a flow can be
characterized by different distribution laws. However, most works on the theory of
queuing, especially applied ones, consider the Poisson (simplest) flow, in which the
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probability that exactly k requests will occur in a time interval t is given by the
Poisson formula:

Py (t) =

(A" x
o e, (1.52)

where A >0 is a flow parameter.

The simplest flow is characterized by three main properties: stationarity,
absence of aftereffects, and ordinality.

A random flow is called stationary if the probability of receiving a certain
number of requests during a certain time interval depends on its value and does not
depend on the start of its reference on the time axis. This means: if we set aside
non-intersecting levels, time intervals t (Figure 1.17), on the time axis, then the
probability of the appearance of a certain number of requests for this flow in these
intervals depends on the value t and does not depend on the location of this interval

on the time axis ( from the moments of timet, t,, t,....).

Z, t: Za .
1 ]| ] |:_ 1L il 17 It 1L L1l 1 LIl 4] _l_,ll r |1 0 T |
l‘—‘r --b-l L T -a-j . b T —I-J

Figure 1.17 — Steady flow of homogeneous events

For steady flow
At)=1=1/m , (1.53)
where m is the mathematical expectation of the time intervals between
neighboring flow events, which is calculated by formula (1.14).

Thus, the two simplest flows differ only in their parameters, so to specify the
simplest flow, it is sufficient to specify only its parameter A.

The absence of after effect is that the probability of receiving a certain
number of requests during a time interval T does not depend on how many requests
have already entered the system, that is, it does not depend on the history of the
phenomenon under study. The absence of aftereffect implies mutual independence
of the process during non-overlapping time intervals.

The ordinariness of the flow of requirements means the practical
impossibility of two or more requirements appearing at the same time.

Thus, the simplest flow is a stationary, ordinary flow without aftereffects.
Let's calculate the intensity of the simplest flow. In the interval At either one or an

infinite  number of events can occur. According to formula (1.7),
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© © k o0 k
m, (t,t+At) = D kn, (At) =D k %e—m Y % —e (1At )= 1At
k=1 k=1 . k=1 .

From here A=m (t,t+At)/At=AAt/At=A1, that is, the intensity of the

simplest flow coincides with its parameter.
Let's calculate the distribution function of a random variable & — time

intervals between neighboring events of a Poisson flow A(t) = P{£ <t}. Function
A(t) = P{¢& <t} is the probability that at least one flow event will occur in the time
interval t adjacent to the moment of the next event. The probability of this is

0
(ﬂ(;) e, Finally —

> p, (). Becauseipk(t)ﬂ, then A(t)=1— p,(t)=1—

A(t)=1-e", that is, the distribution function of the random variable — the time
intervals between neighboring events of the Poisson flow is given by an
exponential distribution. The density of the distribution is a(t) = A'(t) = le ",

mathematical expectation — m=1/A4, dispersion — D =1/4* standard deviation —
o =114 coefficient of variation— v=o/m=1/

The exponential distribution has one property: if an exponentially distributed
time interval lasts for time z, then this does not affect the distribution function of
the remaining interval T. It will be the same as the distribution function of the entire
interval, that is: if the time interval varies exponentially, then any information about
the time of the passage on some interval does not affect the distribution function in
the remaining part. It has been proven that only the exponential distribution has this
property. This greatly simplifies mathematical calculations when analysing queuing
systems.

The simplest flow in the theory of queuing plays the same role as the normal
law of distribution of random variables in the theory of probability. In the case of
summing (mutual superposition) of a large number of ordinary stationary flows, a
flow is formed, which is close to the simplest, with virtually any distributions [14].

The simplest flow plays an important role in modelling theory. First, the
simplest and near-simplest event flows are very common in practice. Second, even
with a flow of events that is different from the simplest, one can usually find results
that are satisfactory in terms of accuracy by replacing the flow of any structure with
the simplest flow with the same average intensity.

In modelling practice, the following distributions are used to describe real
flows, in addition to the exponential one:

1. Erlang with distribution function:
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The Erlang distribution is formed by summing k intervals, each of which is
distributed according to an exponential law with parameter A. Therefore, the flow
of events described by the Erlang distribution of the k-th order is formed from the
Poisson distribution by removing all events contained between the I-th and
(I + k)-th events. At k = 1, the Erlang distribution becomes exponential.

Let's find the density of the Erlang distribution a(t):

At) =1- Z (1.54)

kK (i _1)\ 7i-14i-2 iti-1
=—e"y ( .1)1 L _M =—e“(0+/1+/12t+113t2+1/1“t3+...j+
=L (E] (i-1)! 2 6
+e™ ﬂ+/12t+1/13t2+1/1“t3+...+ ! At
2 6 (k=1)!
Finally we will get
_ kdn-at 155
a(t) = . 1)I;L(/u) e (1.55)
Mathematical expectation — m=k/A, standard deviationo =k /4,

coefficient of variation —v = vk /k <1.

This distribution can be used to describe quite accurately the flows of events
with a variation coefficient v less than one.

At k — oo an Erlang flow becomes regular when events occur at regular
intervals.

Figure 1.18 shows the density graphs of the Erlang distribution at A =0,1 and
different k.

Unlike the exponential distribution (k = 1), the density graph of the Erlang
distribution has a maximum (mode). As k increases, the mode shifts to the right.

2. Hyperexponential — with distribution function

k Kk
At)=1->ae™, Xa =1 (1.56)
i=1 i=1
and distribution density
k k
at)=>Y ate™, >a =1, (1.57)
i=1 i=1
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Figure 1.18 — Density plots of the Erlang distribution

Mathematical expectation —m = Zk;i ;

i=1 i

coefficient of variation v—{ZZ /1 } /Z v>1,
i=1

It is recommended to use a second-order hyperexponential distribution,
which has only two parameters A and ¢ with distribution function [20]:

Alt)=1-ge?* —(1—p)e " 0<p<0,5, (1.58)
Thatis a, =¢, a,=1-¢, A4, =2pAt, 4, =2(1—@)At. In this case, the mathematical
(L-2¢) }
29(1- )

If the mathematical expectation of the flow m and its coefficient of variation
v are given, then the parameters A and ¢ can be determined by the formulas

expectation is m=1/ A, coefficient of variation —v = {1+

vi-1
v2+l’

A=1/m, @=05-05 (1.59)

The flow of events described by a hyperexponential distribution is formed if
with probabilitya, > a =1, the next time interval between the occurrence of

adjacent events is chosen to be distributed according to an exponential law with
parameter A.. At k = 1, the hyperexponential distribution turns into an exponential
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one. The hyperexponential distribution describes quite accurately the flows of
events that have a coefficient of variation greater than unity.
3. Pareto — with distribution function

=1 — “ ot >
F(t) = fL—(t, / X)" jt>t,, (1.60)
0, t<t,,
and distribution density
a-t;
= >
A= 2t (1.61)
0, t<t,.
Mathematical expectation — m = : ”i , exists when o > 1.
a J—
- X0, o :
Standard deviation — o = ———, exists when a > 2.
a-1\a-2
1

Coefficient of variation — v = ———.
Ja(a -2

If the mathematical expectation m and the variation coefficient v are given,
then the parameters a and t_ can be determined using the following formulas:

a=1+ /1+i, t,=m- 1——1
MY 1

1+ 1+~
e

The distribution has two parameters: x., is the minimum possible value of

the random variable, and o is the shape or Pareto index, a coefficient that
determines the rate of decay of probability. The smaller a, the heavier the tail of the
distribution (greater inequality). The Pareto distribution is a continuous probability
distribution that describes social, economic, and natural phenomena in which a
small number of causes produce the majority of consequences. It is the
mathematical basis for the famous "Pareto rule” (the 80/20 principle), which states
that 20% of the effort produces 80% of the results, or that 20% of the population
possesses 80% of the wealth. It is widely used to describe highly uneven and
"heavy-tailed" random processes occurring in information technology and the
internet (number of links to pages, file size on the web).
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2 BASIC CONCEPTS OF QUEUING SYSTEMS AND METHODS OF
THEIR RESEARCH

2.1 Basic concepts of queuing systems

Formally, a queueing system (here in after referred to as a queueing system)
Is understood to be a complex system consisting of one or more sources of requests
(applications, requirements, customers) for the performance of certain actions
(service), several service devices (service lines, service channels) that perform
these actions in accordance with certain rules (service discipline) for requests
received by the system (Figure 2.1).

Service channels
Queue —
Input A i T Output
P

stream - o stream
Requests 7 G € L) —— .
DOoOOCCOC \—)C, © 5 — O « 0 0 O O
sources Nay 0 ="
(9 ) \ e /

——

Figure 2.1 — Structure of a queuing system

A characteristic feature of queuing systems is the probability of the processes
that occur and the possibility of forming a queue of service requests. Let's consider
the basic concepts of queuing systems.

Source of requests. A query source is defined as a system external to the
queuing system from which queries are received for service. A source is called
infinite or finite depending on whether it contains an infinite or finite number of
queries. If a source contains a finite but sufficiently large number of queries, then it
Is usually considered infinite. For example, although the number of users of the
information search engine Google is finite, it is assumed that they form an infinite
source.

Input stream. Requests coming from an infinite source arrive at the service

channel at times t, <t <...<t, <.... Time intervals & =t _—t_, (k>1) between
consecutive moments of request arrival are random variables. It is assumed that &,

form a sequence of independent and identically distributed random variables with
distribution function A(t) =P{& <t}. In the mathematical theory of queuing, a
limited set of distribution laws is used to describe incoming flows. The main ones
are the Poisson (the simplest), which is given by the Poisson formula (1.52).
Service process. Let nk be the duration of service of the k-th request. It is
assumed that 7,,(k=212,3,...) are independent identically distributed random
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variables with the distribution function B(t) = P{r, <t}. The function B(t) is called

the service duration distribution. We assume that there exists a probability density
b(t) =B'(t). As for describing incoming request flows, queuing theory uses a

limited set of distribution laws to describe service times. The most common is the
exponential distribution law with the distribution function B(t) =1—exp(—.4£). The

parameter u is interpreted as the intensity of service. The average service time is
1/p. In addition to the exponential distribution, the Erlang and hyperexponential
distributions are used, which are obtained by transforming the exponential law.

Service channels. A queuing system may have one or more service channels
(lines, devices). Queuing systems with one channel are called single-channel or
single-line, while service systems containing more service channels are called
multi-channel or multi-line. Service devices can be homogeneous or heterogeneous.
In a queuing system with homogeneous devices, all devices service requests
equally. In a queuing system with heterogeneous devices, devices differ from each
other in some parameters, such as service intensity.

Service discipline. The rule according to which requests are selected for
service constitutes a service discipline. Conventionally, all service disciplines are
divided into two groups according to the service preferences provided: non-priority
and priority. Each of these groups is divided into a number of subgroups.

Non-priority service disciplines are divided into first-come, first-served,
random-choice, and cyclic service disciplines.

The discipline of first-in, first-out (FIFO — First Input First Output) is the
most common, most research on queuing theory is done for this discipline. It is
widely used in operating systems.

The discipline of servicing in reverse (inverse) order (in the international
notation LIFO — Last Input First Output) is used in operating systems during
interrupt handling and stack organization.

Cyclic service disciplines are used during time-sharing information
processing.

In priority service disciplines, requests with the highest priority are selected
from the service queue first. They are divided into disciplines with fixed and
dynamic priorities [15].

With the service discipline with relative priority, interruption of service of a
request on the channel is not allowed.

If a system with absolute priority service discipline receives a request with a
higher priority than the one being serviced, it will stop servicing that request and go
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to service. Absolute priority systems are distinguished by the number of priority
levels, as well as by the algorithms for servicing interrupted requests.

In service disciplines with dynamic priority, the priority of specific requests
changes depending on changes in some quantities, such as waiting time in queues.

According to the presence of a certain characteristic, a queueing system can
be classified as follows:

1. By the number of requests received per unit of time, into systems with
ordinary and extraordinary flows of requests. If the probability of receiving two or
more requests simultaneously is zero or is so small that it can be neglected, then we
will obtain a system with an ordinary flow of requests. For example, the flow of
requests — airplanes arriving at the runway of an airfield can be considered
ordinary.

2. By the connection between the requirements — into systems without after-
effect and with after-effect. If the probability of requirements entering the system at
some point in time does not depend on how many requirements have already been
received, that is, it is not related to the history of the process under study, then we
will get a system without after-effect, otherwise — with after-effect. An example of
a system with after-effect can be the flow of students passing a test to a teacher.

3. According to the response of the request to the busyness of the channels —
to systems with failures and waits. If the request that arrived for service found all
the channels busy and was forced to leave the system, then we will get a system
with failures.

4. Systems with waiting are divided into systems with limited and unlimited
waiting. If a request leaves the system when the queue has reached a certain size,
then we get a system with limited waiting. An example is a dump truck with
mortar. If the waiting time is so long that the mortar can harden, then it is
appropriate to unload the dump truck elsewhere. If the request that has arrived finds
all the channels busy and is forced to wait for its turn until it is served, then we get
a system with unlimited waiting. Example: an airplane at an airfield waiting for the
runway to be cleared.

5. According to the method of selection, service requirements are distributed
as follows:

- with priority of requirements;

- in the process of receiving claims;

- with a random selection of requirements;

- the last requirement is served first.
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If the queuing system covers several categories of requirements and the order
in which they are selected for service is determined by some criteria, then we will
get a system with priority of requirements. For example, when products arrive at a
construction site, those that are determined by the construction technology are
installed first.

If the channel that has been released serves a request that arrived in the
system earlier than the others, then we will get a system that services requests as
they arrive. For example, the buyer who approached the seller first is served first.

If requests from the queue arrive at the service channel randomly, then we
will have a system with a random selection of service requests. Example: a plumber
choosing one of several requests from residents, the time of receipt of which he is
not familiar with.

If the last request received is selected for service, we get a system with a
“last-served-first-served” selection. For example, when stacking construction
products, it is more convenient to select the last product from the stack (queue).

6. By the time of service of the request — into systems with deterministic and
random service time. If the time interval between the moment of receipt of the
request in the service channel and the moment of the request's exit from the channel
is constant, then we will get a system with deterministic service time, otherwise —
with random. For example, car washing is a service system with deterministic
service time.

7. By the number of service channels — into single and multi-channel
systems. For example, during the installation of a house, one lifting crane (one
service channel) or several (many service channels) can be used.

8. By the number of service stages — into single- and multi-phase systems. If
the service channels are arranged sequentially and heterogeneously, then we get a
multi-phase service system. An example of such a system is car service at a service
station (washing, diagnostics, filter replacement, etc.).

9. According to the homogeneity of requirements — into systems with
homogeneous and heterogeneous flows of requirements. For example, if vans of the
same carrying capacity arrive for loading, then we will get a system with a
homogeneous flow of requirements, if different — with heterogeneous.

10. By channel load — into ordered and unordered systems. In ordered
systems, the serving channels are loaded unevenly. The incoming request is served
by a clearly defined channel from the available free ones, namely the channel with
the lowest number (it is assumed that all channels are numbered). In unordered
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systems, all channels are the same and the incoming request is served by one of the
free channels without any advantages.

For the abbreviated designation of open non-priority unordered queuing
systems, D. Kendall proposed the following notation: A/B/n/m. A and B describe,
respectively, the laws of distribution of time intervals between events of the
incoming request flow and the service time, n specifies the number of service
channels, m is the number of waiting places.

Certain distribution laws are denoted as follows: M — exponential
distribution, E or Ex — Erlang distribution; H or H, — hyperexponential distribution;
D — regular event flow; G — general distribution. For example, the entry
D/H,/3/10 denotes a system with three service channels, constant (deterministic)

time between requests of the input flow, service time distributed according to the
second-order hyperexponential law and the number of waiting places — 10. If the
parameter m is absent, this means that the number of waiting places is infinite.

2.2 Performance indicators of queueing systems

The efficiency indicators of queuing systems are divided into technical ones,
which characterize the quality and operating conditions of the service system, and
economic ones, which reflect the economic features of the system.

The indicators of the first group are usually formed on the basis of the values
of the system state probabilities obtained from calculations. The indicators of the
second group are based on the indicators of the first group.

2.2.1 Technical indicators of efficiency of queueing systems

Among the technical indicators, the following can be distinguished:

1) Probability of service failure. The probability that a request entering the
system will refuse to join the queue and be lost by the system is Pfail. This
indicator for a queuing system with failures is equal to the probability that the
system contains as many requests as there are service channels:

Pfail = Pn ' (2-1)

where n is the number of service channels.
For a system with a finite queue length, Pvidm is equal to the probability that

the system contains n + m requests:
Prait = P

n+m?

(2.2)

where m is the permissible queue length.
The opposite indicator is the probability of servicing the requirement:
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P

serv =1~ P (2.3)

ail s

2) average number of requests awaiting service:

n+m

L,=2.(i-n)p,, (2.4)

i=n+l

where pi is the probability that the system contains and requirements;

3) relative and absolute system throughput, which are determined by the
following formulas:

— relative throughput:

Q=1-"Pr, (2.5)
— absolute throughput:

A=1-Q; (2.6)
4) average number of channels occupied by service for G/G/n/m systems (i.e.

n — service devices, m — waiting places):

n+m

n=3ip, 103 . @)

For queued systems with failures, the average number of channels occupied
by service can be found by the formula:

n=Yin; (28)

5) the total number of requirements contained in the system L. This
indicator is defined as follows:
— for queueing systems with failures:

(2.9)

L =n+L,; (2.10)

6) average waiting time for service start requests. If the probability
distribution function for waiting time for service start requests W(t) = P(Tq <t) is
known, then the average waiting time for service start requests Tq is defined as the
mathematical expectation of the random variable T:

7, = MT,]= taw (t). (2.11)

With an exponential law, the distribution of requirements in the input stream
z, can be determined by the formula
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T :i. (2.12)

2.2.2 Economic indicators of the efficiency of queueing systems

Indicators characterizing the economic features of queueing systems are
usually formed in accordance with a certain type of system and its purpose. One of
the general indicators is the economic efficiency of the system:

G=P,CT-E, (2.13)

Serv

Where C_— average economic effect obtained when servicing one request; T —

considered time interval; E — value of losses in the system.
The latter value (loss) can be determined as follows:
— for systems with failures

E = (CoM + ACy46s Pait + CictieMiate) 7 » (2.14)

where c, — cost of operating one channel per unit of time; ¢, — cost of losses due
to demands leaving the system per unit of time; c,,, — cost of unit of service
channel downtime; ny,,,— average number of free channels (idle), ny, =n—m;

— for systems with waiting:

E = (Coﬁ + Cq Lq/l + Cid|erTid|e)T, (215)

where ¢, is the cost of losses associated with the request being idle in the queue per

unit of time.

2.3 Methods of researching queueing systems

The main task of the study of queueing systems is to establish the
dependence of the basic characteristics, namely: average waiting time, probability
of service failure on the system parameters — service intensities on devices, number
of service devices, service discipline. The diversity of queueing systems makes it
impossible to use a single method for analysis. Although in practice, one method is
usually used for a certain group of queueing systems, which allows to minimize
calculations and reduce the time for determining basic dependencies.

2.3.1 Differential method

The differential method can be used to study the queueing systems with
Poisson event flows, i.e. the service time and the time intervals between the arrival
of requests are subject to an exponential distribution. In this case, the process of
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changing the number of requests in the system is Markov and can be studied using
the methodology described in subsection 1.3. The sequence of the study is as
follows:

— from the analysis of the service system, the states of the system, possible
transitions between states and their intensities are separated and a graph of states
and transitions is drawn up (Figure 1.14);

— Each state is associated with a corresponding probability and a system of
differential equations for the probabilities of the states of the system is constructed
using the method described in subsection 1.2.3 (hence the name of the method). It
Is advisable to solve and investigate the complex system using one of the computer
mathematics systems, for example Maple.

If the study of the system in the stationary mode is planned in advance, then
again (using the method of subsection 1.2.3) a system of linear algebraic equations
for the stationary probabilities of states is compiled. Usually the solution can be
reduced to calculation formulas.

Let us consider the use of the differential method for the analysis of the
gueueing systems on a service system with a group selection of requests for service
This queueing systems consists of a storage, into which a Poisson flow of requests
with intensity A enters. After some time intervals, the accumulated requests are
selected for service. The capacity of the storage is k requests. The intensity of the
selection of requests from the storage is 4 (i =0,1, .., k), i.e. it is determined by the

number of requests in it. This queueing system can be used, for example, as a
model of the operation of a matching buffer for an information system.

Let S, — the state when the storage contains i requests, the probability of this
p,,i=1 2,.k. This queueing system, in accordance with the receipt of a new

request, transitions from the state S, in the state S, ,, the intensity of this transition
1s A. When selecting requests from the storage, a transition occurs from the state S,

(1=1 2,..k) into the state S,. The intensity of this transition is . The graph of
states and transitions for this queueing system at k =4 is shown in Figure 2.2.
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Figure 2.2 — State and transition graph for a group choice system

Having compiled a system of differential equations for the studied queueing
system, we obtain:

RO =8, + im0,

pi(®) =—(A+ )P, (1) + Ap,, (), 1<i<k, (2.16)
P () = =P, (1) + Ap,., (1),

Initial conditions — p,(0)=1 p.(0)=0,i=0.

For the steady state, system (2.16) becomes as follows:

— A, +iZk1‘,ﬂi p=0,
—(A+u)p, +p, =0, 1<i<k, (2.17)
—up.+4p., =0.
The normalization condition is
Pot+ P+ P+t P =1 (2.18)

From the equations of the system (2.17), starting from the second one, we
sequentially obtain:

A A _ X
PSP P e )P s ) ) P
= 4 Por B = x k-1 P, -

/'lk]:l[(ﬂ’—i_/ue)

e

) guw)

By substituting the values p,, expressed through p,, into the normalization
condition (2.18), we obtain:
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-1

P, = 1+kz_¥, A i + A k-1
=1 11(/“/4) /Jkll(ﬁﬂle)

Basic characteristics of the system under study:
— probability of service failure —P;;, = p, ;

K
— average number of requests in the drive — L, =Y ip;;
i=1

— average time requests stay in the storage — 7, = Zkzﬂ
i 4
Using these expressions, you can choose the buffer size so that the

probability of its overflow is within specified limits.

2.3.2 Phase method

The phase method allows us to study a more general type of queueing
systems than the Poisson one by introducing additional states. This allows us to use
the method of formulating equations for additional states, discussed in section
1.2.3, for such an extended system. The phase method is usually used when the
event flows in the queueing system are described by Erlang or hyperexponential
distributions. For the phase method, four basic ways of transitioning to an extended
system of equations can be distinguished:

1. The service time is distributed according to the k-order Erlang distribution
(1.54) with parameter p. In this case, the service channel is conditionally replaced
by k separate fictitious channels (phases) arranged sequentially. Each request
accepted for service passes sequentially through these k phases, spending a period
of time in each phase that obeys an exponential distribution with parameter x#. A
new request is not serviced until the previous one has passed all k service phases.
The queueing system in this case is described by a Markov process with states s;;
1< j<k. Condition s; means that the system contains i requests, and the next
request is served in the j-th phase. The state probabilities corresponding to this
process are p;(t). Figure 2.3 shows the state and transition graph for a single-line

queueing system with a second-order Erlang service flow M/E,/1, for which a
system of equations can be easily constructed. If the probabilities p; (t) are found,

then the probabilities p,(t) then it can be determined by the formula

K
p;(t) = Z p;; () -
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Figure 2.3 — Extended state and transition graph of the M/E,/1 system

2. The service time is distributed according to a hyperexponential
distribution of the k-th order of the form (1.56) with parameters b, , g - In this case,

the service channel is conditionally replaced by separate service phases with
parameters ., located in parallel. With probability b, each request is served in the
I-th phase. State and transition graph for a single-line queueing system with second-
order hyperexponential service flow M /H, /1 shown in Figure 2.4.

b, H H b byH
S s, by H, - H g hH,

51

52

baH, boH, 32 boH., 42 b.H.,

Figure 2.4 — Extended state and transition graph of the M/H2/1 system

3. The input stream is an Erlang k-order stream with parameter A. In this
case, a dummy receiver consisting of k phases is added to the queueing system.
Each request is first sent to this receiver, where it is sequentially delayed at each
phase. The delay time at each phase is characterized by an exponential distribution
with parameter A. Only after passing this dummy receiver does the request enter the
system for service. The queueing system will be described by a Markov random
process s;, where j is the phase number of the incoming request entering the
system. The state and transition graph for a single-line queueing system of the form
E,/M /1 depicted on Figure 2.5.
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Figure 2.5 — Extended state and transition graph of the E,/M/1 system

4. The input flow is hyperexponential of the k-th order with parameters
a;, 4 . To transition to a Markov process, a dummy receiver consisting of parallel

phases is added to the queueing system. Each service request is first sent to this
receiver, where with probability a; passes the i-th phase and then enters service.
State and transition graph for a queueing system of the form H,/M/1 shown in
Figure 2.6.

Figure 2.6 — Extended graph of states and transitions of the H,/M/1 system

The main disadvantage of the phase method is the large dimensionality of the
region of possible states and the corresponding system of equations, which cannot
be solved analytically. The only way to obtain a solution is numerically, using
standard subroutines for solving systems of equations on a computer.

To illustrate the use of the phase method, consider the following example.
Let us consider a queueing system of the form M/GE/1 where GE is the generalized
Erlang distribution symbol containing the Laplace—Stiehljes transform of the

. It differs from the Erlang distribution in

(1 +59)
that each stage has its own intensity — x,. Denote by p,(t) the probability of finding

distribution function (s) :ﬁﬂi
i1

n requests in the system. Let us introduce fictitious service phases. Then each state
can be decomposed into k phases, the process of transitions between which is
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Markov. Let p, - stationary probability that the system contains n requests, the

next request is serviced in the jth phase (j=1k). For probabilities, the following

system of linear equations is valid, obtained using the method described in
subsection 1.2.3:

— AP, + 44,P;, =0,

—(A+ )Py + 454Py, =0,

—(A+ 14) Py + 14,0, + AP, =0, (2.19)
—(A+ 1) Py + My Py A0, 1, =0, N>1, 1< j<K,

- (/1 +/’lk) Po + 44 Pras +ﬂ“pn—1k =0,n>1.

o k
The normalization condition is P, + ZZ Prj =1

n=l j=1

To solve the system of equations (2.19), we use the method of generating
functions. We multiply each equation of the system (2.19) for p,. (1< j<k)onZ "

and for p, and P, —on z™* and sum the equations with the same index j for the

same terms. Let us introduce the generating functions Q, (z) = Zw: p,z".We obtain a
n=1

system of equations for Q;(z):

—(A+ ,uj)Qj (2)+ AzQ; (2)+ ,uj+1Qj+1(Z) =0,1<j <Kk,
—(A+#4)2Q(2) + ﬂzsz (2) + 14Q(2) = 22(1 - 2) p,.
Solving it, we find:

s2-2)p,[ (- 22+ w)] 1
Qj(z): - - i=1 r=j .
[Hﬂi -z J(A-2z+ ﬂi)}(/l —AZ+ 1),

i=1 i=1

k
System boot — p = /12% and p, =1-— p. Generating function of the
j=1 j
stationary probability distribution p, can be defined as follows:

Q@) =Py + 200 en - Lo

n!| dz
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k k
;i/(l—p) k 1 (ﬂ’+/u|)HILlr
For example, p, == > = =
H:uj = (ﬂ’+1uj)zuj

j=1

This example, among other things, demonstrates the capabilities of the
generating function method, which is widely used to analyze systems of difference
equations.

2.3.3 Imbedded Markov chains Method

This method is advisable to use when only one of the event flows in the
gueueing system (input flow or service flow) is Markov or can be reduced to it by
the phase method, and the other is arbitrary. In the method of imbedded Markov
chains, a random process in the queueing system is considered not at arbitrary
points in time, but at specially designated points — regeneration points (or recovery
points), which form a Markov chain [19, p. 195]. If the input flow is Poisson, then
the regeneration points should be chosen at times when the next service procedure
has recently been completed, and the corresponding requirement is leaving the
system. If the service time is distributed according to an exponential law, then the
regeneration points should be chosen at times that coincide with the moments of
receipt of new requests.

After identifying the regeneration points, the events occurring around these
points are specified and the probability distribution of the number of events of the
incoming Poisson flow or Poisson service flow over time between neighboring
regeneration points is determined.

A transition probability matrix is being constructed.

pOO pOl p02 e pOn
plO pll p12 e pln
Pl=lpo P P o Pl (2.20)

pnO pnl pn2 pnn _
where p,— the probability of transition from state i to state j during the time

between adjacent regeneration points. Using matrix (2.20) and the method of
subsection 1.2.2, we can construct a system of linear algebraic equations for the
state probabilities:

=P Py i=012.0, (2.21)
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which is supplemented by the normalization condition: Y p, =1.
j=0

It is advisable to solve system (2.21) using one of the computer mathematics
systems, for example Mathlab.

For a single-channel queueing systems of the form M/G/1 with a Poisson
input flow characterized by intensity A and service time distribution function B(t),
we obtain p, =Kk, ., j>0; p,; =k, [20, p. 152], that is, the transition probability

]

matrix (2.20) will become as follows:

k, k kK
k, k kK
[PIJ]: 0 kO kl k2 ’
0 0 k, k

where km — Te%t @dB(t), m > 0and km = O, m<0.
0 mt

To illustrate the use of the imbedded Markov chains, method, we consider a
gueueing systems with group selection of requests (similar to the example from
Section 2.3.1), but with the condition that the incoming flow of requests is
described by the distribution function A(t), and the process of selecting requests is
described by an exponential distribution with intensity « [21]. As the state of the
imbedded Markov chains, we choose the number of requests in the accumulator
immediately before the next request arrives. Denote by p, the probability of

transition in time t between two regeneration points. During time 1 a request for a
census of the storage contents may be received, the probability of this is

1—exp(—ur). Then the process will transition from the state S, in the state

S,, 1 =0,k The probability of this event is p,, :T(l—e*"‘)dA(t):l—a(,u), where

a(u)— Laplace-Stiehljes transform of A(t) with respect to the parameter p.

During time T, the serving device may not select the contents of the storage
device, the probability of this isexp(—xz). So the process will go from state i to state

i+1,i =0,k —1. The probability of this eventis p = Te*"dA(t) =a(u).

64



If the process is in state k, then with probability p, = a(x) it will remain in

this same state, meaning the request that recently arrived will be lost. The transition
probability matrix looks like this:

l-a(w) aw) 0 .. O
l-a() 0 a(y) .. O
Rl=t-aw) 0 0 .
l-a(u) 0 0 .. au

Al states of the matrix |P,| — non-periodic, non-zero and indecomposable.

Therefore, for the investigated chain there is a stationary state characterized by the
probabilities p., i =0,k that there was i =0,k requests in the storage buffer before

the regeneration moment. For these probabilities, the following system of equations
Is valid:

k
P, =Z_0:pi-pij,1:0,1,2,...,k, (2.22)
and the normalization condition is
k
Z P, =1. (2.23)

Solving the system of equations (2.22) simultaneously with the
normalization condition, we obtain:
p, =l—a(]a@s], 0<j<k; p, =[a()]-

Average number of requests in the drive —
k
L, =2 ip, = a(ufL-[a(@] HL-a(w)].
j=1

An important characteristic of the operation of a storage-based queueing
system is the probability of service failure.
Figure 2.7 shows graphs of the dependence of the probability of failure on

service P, as a function of the storage volume k and the reading intensity p for

three types of input streams with their average intensity equal to eight:

a — hyperexponential input flow with distribution function
A@t)=1-[0,3exp(—-2,79t) + 0,7exp(—40t)] and the coefficient of variation
v=1996;
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b — Poisson input flow with distribution function A(t) =1—exp(-8t)
coefficient of variation v =1

3 i-1
¢ — Erlang input stream with distribution function A(t) =1—Z%e‘2‘”
i=1 I_ -
and the coefficient of variation v=0,5773.
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Figure 2.7 — Probability of service failure

It is clear that the coefficient of variation significantly affects the
characteristics of the system.

The characteristics obtained by the method of imbedded Markov chains are
valid only for regeneration moments and do not fully describe the features of the
queueing systems. Only the characteristics for an arbitrary moment of time,
connected by certain relations with the characteristics for regeneration points,
contain complete information. We will present these relations.

Let t (n>1) — moments of receipt of requests, z(t) — the number of

requests in the storage at time t, 4 (i)— the intensity of the subsequence of those
moments of time for which the number of requests in the storage is equal to i. Then
p, = p{z(t,-0)=i}=4 (i)/ 1, (2.24)

where A is the average intensity of the incoming flow of requests.
Let us denote by N.(t) number of jumps number of requests in the type
storage i —i+1 for the time interval (O, i), and after M.(t) — number of

transitions of type i+1— 0 (i<k) for the same time interval (0O, i). The following
equality will be true:

N, () - S M, () <1 (2.25)

66



Average (E) number of transitionsi—i+1 will be at time t
E[N;(t)]=A4,(@®)t. Using (2.24), we obtain E[N,(t)]=Apt. Average number of

type transitionsi +1— O for time t
EIM, (0] = | ¢, ,0X. (2.26)
0

Where p, ., — distribution of a random fraction of time in (0, t) during which the

storage contained i+1 requests. Since E[£,,(t)]=[xp, ,dx=p,.t, wherep, —
0

1(X)

probability of being in the storage j+1 requests at any point in time, then from
(2.26) we obtain: E[M,(t)]=p,t. From inequality (2.25) it follows:

k-1 k=1
Itm E[Ni(t)]/tzltlinw J;E[Mj(t)]/t or ;pm =/ w)p, 0<i<k.
From here we finally obtain the combination of probabilities of the state of the
queueing system at an arbitrary moment in time (P,) with state probabilities at

regeneration points (p,):

. A _/1(

2
Po=1-"p,; B ="(p,—p)0<i<k;p,="p-
H H #

The expressions for the characteristics of the queueing systems are adjusted
accordingly. For example, the probability of service failure is

P =§[1—a(u)][a(u)]k-1.

2.3.4 Method of including additional variables

The method of including additional variables is one of the most universal in
the study of non-Markovian queueing systems, but its application involves the use
of the apparatus of integro-differential equations and the solution is not always
possible to obtain in quadratures. The method of including additional variables
allows the transformation of the original non-Markovian process into a Markovian
one by introducing additional variables to describe the state of the system.

Let n(t) — the state of the original system at time t, p,(t)— the probability of

this state. If the input to the system is Markovian or can be reduced to Markovian,
then the state of the system is supplemented by the variable u — the time elapsed
since the start of servicing the request contained in the device. If, on the contrary,
the servicing process is Markovian, then the state of the system n(t) is
supplemented by the variable v — the time elapsed since the last request was
received. As a result, the original process is transformed into a Markov process.
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Let us consider the use of this method on the example of a queuing system
with group selection of requests from the storage, in which the input flow is
Poisson with intensity A, the storage volume is k requests, and the time intervals
between adjacent requests to the storage have the distribution B(t). The request is
made by the serving device after processing the previous group of requests. Let r(u)
denote the instantaneous intensity of reading requests from the storage, which is

defined as r(u)=B'(u)[1-B(u)] ™", through ux — the average intensity of reading
requests, through A(s) = TefstdB(t) — Laplace-Stiehljes transform of B(t).

Let [0] be the state when there are no requests in the system, [n, u] be the
state when there are n requests in the storage, the service channel processes the next
group of requests, and the time elapsed since the previous access to the storage is

equal to u. Denote by p,(t) probability of state [3], through p,(t) — the probability
that the storage contains n requests, and through p, (t,u) — the probability density
for u that the storage contains n requests, and the time elapsed since the previous
access to the storage (service time) is equal to u,,u<u, <u+A. Probabilities

p,(t) and p,(t,u) connected by a ratio p,(t) =j p, (t,u)du.
0

Let us consider the possible transitions of the system from one state to
another during the interval (t,t+A). Let's fix the moment in time and determine

the probability p,(t+A,u+A)A —that at time t + A the system will be in the state
[0, u + Au]. This can happen only under one condition: the system at time t was in
the state [0, u], and at time A with probability 1—r(u)A the service of a group of

requests that were already being processed has not ended (the probability of this by
definition p,(t,u)A), and with probability 1 — XA no new request has been received
by the system. The validity of the second statement follows from the fact that if a
request is received during time A, it will be immediately selected for service and
the system will go from state [8] at time t to state [0, A] at t+ A, although this
contradicts the original statement. Thus,

P, (t+Au+A)A = p,(t,A{[1-r(U)A][1-AA]}+0(A). (2.27)
Let us determine the probability that at time t+ A the system will be in state
[n, u+ A]. This can be achieved in two ways:

— at time t the system was in state [n, u], during time A no new request was
received and the servicing of the current group of requests was not completed;
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At time t, the system was in state [n—1,u], and in time A with probability AA
a request was received by the system. So,

p,(t+AU+A)A=p (tL,UA{1-ru)A]1-2A]}+ p,_,(t,u)ALA+0(A). (2.28)

Let us define the boundary conditions at the point u=0. To do this, we will

again fix the time t and derive the probability that at the time t + A the system will
be in the state [n,A], i.e., from the moment of starting the service of the next group

of requests, a time not exceeding A has passed. First, we will derive the equation
for the state [0, A]. The system can go to the state [0,A] in time A in two ways:

— at time t the system was in state [3] and during time A with probability AA a
new request was received, which was immediately selected for service;
— at time t the system was in state [n, u] and with probability r(u)A the

servicing of the previous group of requests ended, as a result of which the storsdge
was reset. The probability of this event will consist of the probabilities for all
possible values of n and all possible values of u. So,

0, (t+ A A)A = p,()AA+ X[ p, (Lu)r(u)duA. (2.29)

n=l o

Since no more than one request can be received by the system during time A
and the storage device is reset when it is accessed, then

P, (t,A)=0. (2.30)

Let us derive the probability that at time t+A the system will be in state [].

This can be achieved in two ways:
— at time t the system was in state [6] and with probability 1- 1A a new

request will not arrive;
— the system at time t was in the state [0, u] and in time A with probability
r(u)A the servicing of the next group of requests ended. So,

p;(t+A)= p5(t)[1—/1A]+T P, (t,u)r(u)duA. (2.31)

Let us open the brackets in expressions (2.27) and (2.28), transfer p, (t,u) to
the left side, here we add p, (t,u+A)—p,(t,u+A), divide everything by A and go
to the limit at A— 0. We obtain a system of equations

0 0
< P bW+ pu () =2+ r(W)]py(tu),
(2.32)

%pn(t,u)+§ p, (t,U) =—{2 + r(W)Ip, (t.u) + Ap, , (t,u).
u
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Similarly, from expressions (2.29) — (2.31) we derive the boundary
conditions

Po(LOA= 25, + Y[ P, G U)r(U)du

n=l g

o]

%pa(t) =—ip5(t)+£ Py (t, u)r (u)du, (2.33)
pn(t,O)EO, O<n<kKk.

As initial conditions we choose ps(0)=1. The joint system of equations

(2.32), (2.33) can be solved numerically on a computer, for example, by the grid
method, using appropriate software.

Let us consider the stationary regime. In  this  case,
op, (u
Pt > py (), B

As a result, we obtain the following system of equations:

% po(u) =LA+ r(u)]po(u),
(2.34)

% . (U) = —[A+ ()] p, (U) + 2p, , (U),L<n <k

and boundary conditions:

~2p; + [ Po(U)r(u)du =0,
0 (2.35)

k oo
po(0) = 4p; + . | Pa(U)r(u)du.

n=1g
Solving the system of equations (2.34) step by step, we obtain:
P (U) =[1—B(u)]p,(0)e ™,
p,(u) = Au[L—B(u)] p, (0)e ™, (2.36)

p,(u)= (;LnLI)n[l— B(W]p,(0)e™,0<n<k.

Substituting expression (2.36) into the first equation of system (2.35), we
find p;=L£(1)p,(0)/ 1.

Therefore, p, =Ipn (u)du = pO;EO) —~ (_nll) A" BM(2), where M (1)— the
d !

value of the n-th derivative of f(s) ats=A\.
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k
Using the normalization condition p, + Z p, =1, we will get
n=0

At D o
Po(0)=A-{k =) " B A}
s(m+en=! 4"
(M-t (u+A)™"

m

For the hyperexponential distribution A (1) =(-1)" n!ZLM-
i1 (1 +4)

For the Erlang distribution of order m 5 (1) =(-1)

Basic characteristics of the system under study:
— probability of service failure — Py, = p,;

k
— average number of requests in the buffer — L, = dip;
i=1

— average time requests stay in the buffer — 7, = Zk“ﬂ
i=1 L
Thus, to use the method of including additional variables, it is required that
one of the queueing system event flows be Poisson or reduce to it, and the
distribution function of the second one has a finite Laplace—Steltjes transform.

2.3.5 Little's formulas

For queuing systems operating in a stationary mode, the most suitable are
Little's formulas, which relate the more important characteristics of the queueing
system.

Let the queueing system, which receives a flow of requests with intensity A,
operate in a stationary mode for a sufficiently large time interval T. Then, during
this time, the system will receive on average AT requests. Each request is in the
queue for an average time of z_; then the average time W, which will be in the

queue all AT requests, is calculated by the formula:
W=A7zT. (2.37)
On the other hand, if L,— the average number of requests waiting for

service, then the total average time W , which they will be in the queue for time T,
Is calculated by the formula:

W=LT. (2.38)

q
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Comparing the right-hand sides of expressions (2.37) and (2.38) and
reducing T, we obtain
L, =A1z,. (2.39)
Each request is in the system for an average time 7_; then the average time
V , which are all in the system AT requests, is calculated by the formula:

V=AzT. (2.40)
On the other hand, if L, — the average number of requests in the system, then

the average time 7., which they will be in the system for time T, is calculated by
the formula:
V=LT. (2.41)

Comparing the right-hand sides of expressions (2.40) and (2.41) and
reducing T, we obtain:

L =Az,. (2.42)

Formulas (2.39) and (2.42) were named Little's formulas in honor of the
researcher J. D. K. Little, who substantiated them [3]. These formulas play an
Important role in the theory of queuing, since under certain conditions they make it
possible to eliminate complex transformations when deriving the characteristics of
the system.
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3 TYPICAL QUEUING SYSTEMS

3.1 Queuing system with failures

The queuing system with rejections consists of n service channels, to which
the simplest flow of requests with intensity A arrives, the service time is distributed
according to an exponential law with parameter p, that is, the service flow is also
the simplest with parameter p. There is no queue, that is, a request that arrived
when all channels are busy is denied service. This system is one of the simplest and
the theory of mass service systems is built on it. It was first considered by the
prominent researcher A. K. Erlang. A typical example of the application of the
gueuing system with rejections is automatic telephone exchanges. Here, the request
that arrived in the system is a client's appeal to the telephone exchange. If the
required communication line is already busy with a conversation, the subscriber is
denied. The automatic telephone exchange gives frequent beeps and the request is
lost.

Let us examine it. Let us denote by S; the state of the system when it

contains 1,i=12,...,n. The state and transition graph for this system at n=5 is
shown in Figure 3.1.

Sy 4 S, A S5 A Ss /. S4 A Ss
Figure 3.1 — State and transition graph of a queuing system with failures

Let us denote by p,(t) probability of state S.. Using the method of
subsection 1.2.3, we will compose a system of differential equations for the states
S, 1=012,...,n:

Po () =—4p, (t) + 10, (1),

p:(t) =—(2 + ) p,(t) + Ap, (1) + 210, (1),

pi(t) =—(A +1) p (1) + Ap,, (1) + (1 + D)o, (). 1< <,

P, (1) =—nwp, (1) + 2p,., (1). (3.1)

Initial conditions —

p,(0)=1 p.(0)=0,1<i<n. (3.2)

If n is small, then using the technology of solving systems of linear

differential equations [16] for specific values of A and p, one can find an analytical
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solution of this system. For example, for n=2; A=1 x£=0,55 the solution to
system (3.1) looks like this:
p,(t) =0,645-e™ +0,12-e** + 0,224,
p,(t) =-0,040-™™ —0,366-e**" + 0,407,
p,(t) =-0,605-e** +0,25-e % +0,370.
Graphs of function dependencies p,(t), p,(t), p,(t)over time is shown in
Figure 3.2.

08
Polt) pa(t)

TN /T

0.4 7

0,2

0 1 2 3 1 5t
Figure 3.2 — Dependences of the probabilities of the states of a system with failures
on time

It is clear that in the case of unlimited growth of t the behavior of the
functions p,(t) ceases to depend on time and the system enters a stationary mode.
That is lim p,(t)=p;,i=0, 1 2 , where p, — constants. From the analysis
t—

of expressions for functions p,(t) it follows that when t — oo they are equal to the
corresponding constants on the right-hand side, e
p, =0,224; p, =0,406; p, =0,370.

The probabilities of the states of the system in the stationary regime can be
determined by a simpler method. Given that Itlinw p! (t)=Itian p/ =0, the system of

equations (3.1) is transformed as follows:
- ﬂ'po + 4P, = 0,
—(A+ )P, +Ap, +2up, =0,
—(A+ig)p, +Ap, + (A +Dup,,, =0,1<i<n,
—nup, +p,, =0.

(3.3)
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The normalization condition is

gpi =1, (3.4)

Divide each equation of system (3.3) by pu and introduce the parameter
p=Alu — system load on one channel. The system of equations (3.4) will
become as follows:

- PP, + P, =0,

—(p+D)p, + op, +2p, =0,

—(o+)p, +pp, +(A+Dp,,=01<i<n,
—np, +pp,, =0.

(3.5)

Sequentially solving system (3.5) with respect to p,, we obtain: p. = ﬂl P,
i!
1

Substituting this expression into (3.4), we define p, :(1+ i%) :
i=1 1.

Finally, the probability that i requests are served, i.e. the system is in state S;,
IS given by the expression

_A (3P osi
p=" (; k!j 0<i<n. (36)

This expression was called Erlang's formula. It was proved that this formula
is valid for any continuous law of service time distribution on the channel [14].

The basic characteristics of the studied queuing system with failures are as
follows:

pn n pk -1
— probability of service failure Py = p, :W( Wj . This expression
H k=0 H

means that this request will be denied service if all lines are busy;

— absolute throughput is equal to the average number of requests that the
gueuing system can serve per unit of time, that is, it is the fraction of the incoming
flow of requests that enters the system and is served by it:

AzﬁQ:ﬂ{l—pn: (g%) }; 3.7)

— the average number of requests in the system, and accordingly the average
number of channels occupied by servicing requests, is calculated as the
mathematical expectation:
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L =Yip, =ii’i’—;(i”—kjl ; (3.9)

i noAk\7t
—system load factor K, =L, /n= ZI Z'O— .
iz nilli k!

It is advisable to know the dependence of the basic characteristics of the
system on n and the load factor on all channels a=A/(nw)=p/n. From here

o =na. Then the basic characteristics will be as follows:

— probability of service failure Py, = (na) (Z (na) j ,

-1
— system load factor K, =L, /n= Zl(nnoll (Z(na) J .
1 -

Figure 3.3 shows a graph of the dependence of the probability of service
failure on the number of service channels at different p.

F )vm’m
081

0.61
0.4

0.2

LA 4 6 8 10 12 1" 16 77
Figure 3.3 — Dependence of the probability of failure on service for a queuing
system with failures

Figure 3.4 shows a graph of the system load factor versus the number of
service channels at different p.

According to these graphs, it is possible to choose the number of service
channels at different load factors of one channel p depending on the technical tasks
for system design. For example, if it is necessary to choose the number of service
channels in case of failure probability 0.1 at o =10, then from Figure 3.3 it follows
that there must be at least 13 units.
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p=6  p=10  p=]5

2 4 6 8 10 12 14 16 77
Figure 3.4 — Dependence of the system load factor for a queuing system with
failures

If the number of channels is selected depending on the system load factor,
then you need to use the graphs shown in Figure 3.4. For example, if you need to
select the number of service channels in the case of a system load factor K, =0,7

at p=10, then from Figure 3.4 it follows that there should be no more than 14
units.

3.2 System with Poisson input flow and exponential service time (M/M/1)

This is one of the most studied queuing system [4], for which almost all
characteristics have been obtained in finite expressions. Let the system be supplied

(A"
AT

with a Poisson input flow ( p, (t ) with intensity A, the service time is

distributed according to the exponential law (B(t) =1—e ) with intensity x. The

gueue is not bounded. The state and transition graph for this system is shown in
Figure 3.5.

u v u u
* * ¥ - * &
Sy S S, Si1 S Sin

Figure 3.5 — State and transition graph of the M/M/1 queuing system

It follows from the graph that the random process in the studied queuing
system belongs to the so-called birth and death processes, which describe changes
in the bacterial population.
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Let S, denote the state of the system when it contains i requests
(1=0,1 2, 3,.....), the probability of this p,(t). Using the method of subsection

1.2.3, we will compose a system of differential equations for the states
s, 1=012,....

Py (t) =—Ap, (t) + 4, (1),

p;(t) =—(4 + 1) p, (1) + AP, (1) + 0, (1),

P, (t) =—(4 + £ p, (1) + Ap, (t) + 10, (1),
........................................................... (3.9)

Initial conditions —
Po(0)=1 p;(0)=0,i=1. (3.10)
The solution and investigation of system (3.9) using the Laplace transform
and the generating function are given in [15]. But the finite expressions are very
complicated and inconvenient for practical application. From this work it is known
that if x> A, then for the system there is a stationary regime with a stationary
probability distribution of the system states p,,i=0,12,.... Thus, the functioning of
the queuing system is decomposed into two regimes: transient and stationary. The
stationary regime will be investigated below. The transient regime can be
investigated by numerical methods. For this, we rewrite system (3.9) in differences:

Po (t+ At) = p, (t) + At[-Ap, (t) + 10, (D)],
P, (t+At) = p, (1) + At[—(4 + 1) p, (1) + AP, (1) + 20, ()],

@1
P (t + At) =P (t) + At[_(/1 + /U) P (t) + ﬂ“pi—l (t) + U0, (t)]’ 1>1],

p,(0)=1p,(0)=0,i >0.

To solve system (3.11), we choose the numerical Euler method for solving
systems of differential equations [25]. We denote by p% probability value p;(t) at
the k-th step of the calculations. System (3.11) is rewritten in a form ready for
iterative calculation:

Pt =ps +h-(-Apy + ;). k=012...,
p=pf +h-[-(A+u)p’ +Ap, + up!,],i>0,k=012..., (3.12)
p, =1, p’ =0,i>1,
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where h is the integration step.

To numerically solve the system of differential equations (3.9) using
formulas (3.12), it is necessary to specify specific values of the parameters 4, x and
choose the integration step h. Existing software systems cannot provide a solution
to a system of equations with an infinite number of equations, so when using
formulas (3.12), we will limit ourselves to a certain number of them. It will have to
be selected experimentally, and the solution will be approximate.

Figure 3.6 shows the probability graphs of the state of the system M/M/1 for
the transition regime at A =0,6; 1z=1, h=0,06.

P
1 -
po(t)
081 pi(t)
pa(t)

06
0.4- /
0.2 /

0 2 4 6 8 10 12 " ¢

Figure 3.6 — Transition mode of the M/M/1 system

It is clear that from the moment of time t =8 the system enters a steady-state
operating mode.
Now let us examine the steady-state mode of operation of the M/M/1 system.

In the steady-state mode P, (t) = p., p/ =0 and system (3.9) will take the following

form:
—Ap, + up, =0,
—(A+ ) P, + AP, + 1p, =0,
~(A+ ) P, + A, + 10, =0, (3.13)

>p =1 (3.14)



Divide each equation of system (3.13) by p and introduce the parameter

p=Al u system load. The system of equations (3.13) can be rewritten as follows:
— PP, + P, =0,

—(p+Dp,+pp, + P, =0,

—(p+Dp,+pp, + p, =0,

(3.15)

From the first equation of system (3.15) it follows that p, = pp,. Let's
substitute this expression into the second equation: —(p+1)0p, + 00, + P, =0.
After bringing similar terms together, we obtain: p,=p’p,. Continuing the
calculation, we get: p. =p'p,, i >1. Let's substitute the obtained expressions for

p; into the normalization condition:
Po +Z_1:pi P, :1_)p0(1+ Z_llplj =1.

If p<1, then the sum Zpi IS @ geometric progression that converges to T P
i=1 — p

Then1+ -2 -1 from where
1-p 1-p

po=1-p.p=(-p)p". (3.16)
Let's define the basic characteristics of the system's functioning. To do this,
we will need a generating function:

P@=3n7 =0~ A% () =2 (<D (317)

The average number of requests in the system is calculated as the
mathematical expectation

e 2. . &0 - 0
L=>Ip = =) — I =—P =
: Zl p, ;Ip ZO 8Z(pz) - (2) .
- (3.18)
_1_-N"Y | _n1_ P
L=p) 1~ B d-p) -y
Finally we get:
L =P'(1)= P (3.19)
1-p

Average number of requests in the queue —
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L =320-Dp, =30, 3P =17 —(-p) =17 —-1+p).

i=L i=1 i=1 1- £

Finally we get:

L, =2—. (3.20)

Let's determine the average time requests spend in the system 7. To do this,

we apply Little's formula (2.42) — L, = Az, from where

ro— P 1 (3.21)
T Al-p)  pl-p)

Similarly, using formula (2.39), we determine the average time spent in the

L 2
queue: 7, = 7‘* = /1(1'0 X After the transformation we get:
—pP
- P (3.22)
Tou-p)

Figure 3.7 shows the dependence of the average time requests spend in the

system on the system load p.
m.
rs

151

104

o 02 04 06 08 p

Figure 3.7 — Dependence of the average time of requests in the system depending
on the system load p

As p approaches unity, the time spent by requests in the system increases
sharply and approaches infinity.

For several queuing systems with different service disciplines, the average
dwell time in the system, according to Little's formula, will be the same. But for
queuing systems with different service disciplines, the variance of the dwell time in
the system will be different. Let us define the variance of the dwell time of requests
in the system M/M/1.
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To calculate the variance, we use formula (1.9), which will take the
following form:

D, =ii2pi -(L)*, (3.23)

Where Zizpi the second initial moment.
i=0

From (3.17) it follows:

P'(z)= i P, 9 4 =i piz'™. (3.24)
i OZ i=0
Multiply both parts of expression (3.24) by z:
ZP'(z)=> piiz" . (3.25)
i=0
Let us find the derivative with respect to z of (3.25):
P'(2)+2P"(2) =3 pi’z™. (3.26)
i=0
From here
>itp =Y piz"| =P'Q+P(). (3.27)
Let's find P"(z) . From (3.18) it follows:
" 1 p(l_p)[z(l_pz)p]
P"(2)=p(- p){ 2} = ; : (3.28)
(1- pz) (1-pz)
From (3.19) and (3.28) it follows:
P+ P M =_L 2p°(L=p)° _p+tp° (3.29)

1-p  (@A-p)° @A-p)
Substituting (3.29) into (3.27), and the expression found for Y.i’p, and (L)’
i=0

in (3.23) we finally obtain:

D=~ _. (3.30)
T A-p)

From expression (3.30) it follows that with increasing p, the variance of the
query dwell time in the M/M/1 system also increases, and, when the system load
approaches unity, it tends to infinity.

The distribution function of the time spent by requests in the queue is

described by the expression W(t)=1-pe“*?" [4], density distribution
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w(t) = p(—A)e”“ ", Let us determine the average time requests spend in the
gueue using formula (1.14):

h (At © tde EPEL I PR
7, :ltp(,u—/l)e dt:p(,u—ﬂ)j—):—p te ¢ —!e dt |=

o—(u—-4
B I R -2
—(u-A)| wu-4

When integrating the expression, the method of integration by parts was
used. If we take p out of the brackets, we finally obtain:
- P (3.31)
ul-p)
Expression (3.31), obtained using the classical scheme for calculating the
mathematical expectation, completely coincides with expression (3.22), obtained
using Little's formula, which confirms its validity.

Tq

3.3 Single-line system with an input flow of requests with hyperexponential
distribution

This study was carried out by author under the supervision of the remarkable
scientist, professor of the Kharkov Aviation Institute, Vyacheslav Alekseevich
Popov.

Let the input flow be described by a second-order hyperexponential

2 2
distribution with distribution function A(t)=1-) ae™, > a =1 and medium
i=1 i=1

intensity A = (Zz:ij. Service time distribution function B(t), its Laplace-Stieltjes
i=1 "4

transform is 3(s), service intensity r(u) = B'(u)[1—- B(u)]‘1 and the average service

intensity is equal to «. It is assumed that the function B(t) has a derivative.

The process of receipt of requests in the system can be reduced to Markov by
introducing a set of states that differ in the number of requirements in the system
and the number i, 1=1, 2, corresponding to the intensity A input flow at this state
(we'll call this number the stage of some fictitious control system). With the arrival
of the next request, the system transitions to one of the states corresponding to the
changed number of demands in the queueing system, and the stage of the new state
is randomly selected by the control system such that the i-th stage can be selected
with probability a,,i=1, 2.
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The time to complete the i-th stage is distributed according to an exponential
law with the parameter A,. This procedure allows us to define a linear Markov

process that describes the functioning of a given system in phase space
{0,i],[n,i,u],n>1,i =1,2;u>0}. Here is the state [0,i] corresponds to a completely
free system when the stage of the regulatory system is equal to i, and[n,i,u]

corresponds to the state when there are n requests in the system, the stage of the
control system is equal to i and the time during which the next demand is being
serviced is equal to u.

Let us denote by pi(t) probability of a state[0,i] at time t, and after
p! (t,u) — probability density of the state [n,i,u]. By considering possible changes

in the system over an infinitely small period of time and using the methodology of
paragraph 2.3.4, one can obtain a system of integro-differential equations
describing the functioning of this system. If x> A, then for this system there is a

stationary regime [17], characterized by probabilities p; and stationary probability

densities p/(u). For them, a system of equations can be composed that describes
the steady state of the system under consideration:

Apb = [ i (r)du,i=12, (332)

L pl(w) =LA+ B, =1, 2

4 . | . (3.33)
au pa(u) =4 +r(lpy(u)+a > Api,() ,i=12 n>1
j=1
and boundary conditions
. Q. 2 .
pi(0) = [ P (Wr(u)du+a; ) 2;pd, i=12,
° = (3.34)

pin(O):Tp‘n+1(u)r(u)du, n>1i=12
0

The stationary probabilities for the case where the time during which the
service is performed is not taken into account are

Py, Pr=[Ppa(u)du, i=12
0

with the normalization condition
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S pi=1. (3.35)

i=1n=0
To solve the systems of equations (3.32) — (3.35), we introduce generating
functions

Qi(z.u) =) pa(u)z", i=12.
n=1
The system of equations (3.33) corresponds to a system of the form
d 2 :
EQi(Zvu) =4 +rWIQ(z, u)+az) 4Q;(zu) ,i=L2,  (3.36)
j=1
and systems (3.32) and (3.34) correspond to a system of the form
0 ) 2 ) )
2Q.(2,0) = IQi (z,u)r(u)du+a;z*> A;pd — Az - (3.37)

0 j=1

The solution to system (3.36) has the form

Qzu)=[1- B(U)]{Ql(z, 0){Ch(UOI) +%Sh(UQ)} + qlalﬂzQz(Z,O)Sh(UQ)}e”f . (3.38)

Q(z,u) =[1- B(U)]{Qz (z, 0){Ch(UOI) + % Sh(UQ)} + qlazﬂqu(Z,O)Sh(UQ)}e”f ,(3.39),

Where f = f(2)=05-[(ah +ak)z—(h+ L)l g =a() =T +A4(1-a2),

q=0(2)=05-|(ak + 8,4,V 2% 28, ~ Ay +3, 3 e+ (3~ A, ]
Substituting (3.38) and (3.39) into (3.37) and solving the resulting system
with respect to Q.(z,0), i =1, 2,we will receive

D, -[20z - (9 - @) B(-91) — (A - ,) B(=9,) ]+
(2,0 :+a1ﬂ22[ﬂ(_gl)_ﬂ(_92)]'D2 ’ .
%(20) 20(z - B(-9)]- [z - B(-9,)] (340
D, -[20z - (4 - ,) 8(-9.) — (- @) B(-9,) |+
(2,0 :‘*‘azﬂlz[ﬂ(—gl)_ﬂ(_gz)]'Dl ’ .
%(.0) ZQ[Z_ﬂ(—gD]'[Z_ﬂ(—gz)] (3.41)

5

. 2 .
where D, =—Azpy +a2° > A4;pd,i=12 g, =f+q, g,=f-q.

j=1
On the border of the region |z|=1 we have
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oe}

(05| = |[exp{-(at, +a,4 tJdB() < [dB(t) =1.
0

0
According to Rouché's theorem, the function [z — B(—g,)] has only one zero

& inside the unit circle, and the function [z— 3(—g,)] has no zeros in the same
region. Since Q(z,0),i=1, 2, converges in the region |z|=1|, the zeros of the
numerator and denominator of the right-hand side of expression (3.40) and (3.41) in
the region |z =1 must match and therefore

1 Abe 2 3.42
@ @ (3.42)

Let's find the probability generating functions p!
Q@)= p2" = [Q(z, u)du, i=1,2.
n=1 0

After integration and simplifications we obtain

_ [D(a+¢)+a,4,2D, ] [B(-9,) -
%) qul[z _ﬂ(—gl)]

|

1
+

. 3.43
n [Dl(q+(/’2)_31/722D2]'[ﬂ(—92)—1] (34)
2qu[z _ﬂ(—gz)]
_ [Dy(a+9,)+a,47D |- [B(-g,) —1]
() 20g,[z - A(-9,)] : (3.44)

[Dz(q+¢1)_32112D1]‘[ﬂ(—92)_1] .
quz[z_ﬂ(—gz)]
Using the normalization condition (3.35), which can be rewritten as

Q,(2) +Q,(2) + p; + p5 =1, we find that
Po+ Po = Po =1-p, (3.45)
where p = A/ u— system loading.
Substituting (3.42) into (3.45), we find
o akilop) o [0O+eO-p) 4
q($) + @, () +ads q(8) + @, (S) +ats

Let's determine the average number of requirements in the system

+
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=333 S0 -

i=1n=1 i=1

P__lcz 1)+ pla+c?) —ﬁ(/\—_ipiz:ﬂﬁ p(i,]’

Where C2 = 2AZZ——1 the square of the coefficient of variation of the input
i=1

flow, and C? — the square of the coefficient of variation of service time.

Let us define the Laplace-Stieltjes transform of the waiting time distribution
function

_w B'(U+V)

S + u)s"(s)|e™ ———2dv |du
ZORE: j{zlr]z;pn( A )j 1-B@ }
B'(u+V)

—B(u)
function of the time required to complete the servicing of a request that, at the time
the next request arrives, has already been serviced for a time u [18]. Using formulas
(3.38) — (3.41), after the appropriate transformations we obtain

[1_,3(3)]. {jlﬂ,z 1-p)- SZA p(i)}
_ 1_ i=1
VO B X PR A R 0)

The average waiting time is

ey PGeC) o1&
7,=¢'(S)|_, = 2A(1—p)b % A 1_p§4p0 . (3.47)

Note that expression (3.47) is a generalization of the fundamental Polyachek-
Khinchin formula [14] for the system under study.

The method used can be extended to the case of a k-th order
hyperexponential input flow. In this case, equations (3.32) — (3.34) will have a
similar form, except that i will take values from 1 to k. However, the possibility of
solving them analytically is questionable.

Where _[ e‘sV dv — the Laplace-Stieltjes transform of the distribution
0

3.4 Multi-channel queuing system with limited queue

Consider a Poisson queueing system with n service channels and the number
of waiting places m (M/M/n/m in Kendall notation). Let {i},
1=12,...,n+m-1n+m denote the state of the system when there are i requests in

it. If i >n, then n requests will be served, and the rest are in the queue. Let the
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probability of state {i} be denoted by p,. The state and transition graph for this
system is shown in Figure 3.8.

1 2n 3n np L
o * W * @ * m2* emyr (em)

Figure 3.8 — State and transition graph for the M/M/n/m system

Using the method of section 1.2.3, we will construct a system of linear
equations for the probabilities p,,1=12,...,n+m:
— AP, + 10, =0,
—(A+iw)p, +Ap, + (A +Dp, =0, 1<i<n,
—(A+nu)p, +Ap,_, +nup, =0, n<i<n+m,
=N, + AP,y =0.
System (3.48) is supplemented by the normalization condition
Po+ P+ P+t Pros T P =1 (3.49)
Divide each equation byngzand introduce the notation p=A/nu— the
workload of the entire system. System (3.48) can be rewritten as follows:
— PP, + p,/n=0,
—(p+iln)p, +pp., +({+1)/n-p =0, 1<i<n,
—(p+Y)p, +pp,+p, =0 Nn<i<n+m,
— Poin T PPy =0.
From the first equation of system (3.49) it follows that: p, =npp,. Substitute
this expression into the second equation of system (3.49). We obtain:
p, =(n?/2") p*p,. Continuing this operation, we get:

(3.48)

(3.50)

p,=(n"/iNp'p,,1<i<n,
p,=(n"/n)p'p,, n<i<n+m. (3.51)
By substituting P, in the normalization condition (3.49), we find an

expression for the probability of system downtime:
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— n!

n—1 | n+m n i n—-1 i n .n m+1y 71
p n'p'  n" p"A-p™
I:>downtime [1+§ , + 2 , :| _|:§ T + .
- I! 1-p
So, all state probabilities are determined.

Let's define the basic indicators of this system.
Probability of service failure —

I:)fall pm+n (n /nl)pn+m

This expression means that the request will be denied service if all lines and
waiting spaces are occupied.

The number of requests that will receive a denial of service during time T —
Nrii can be calculated using the expression:

N (it = AP T = AN"/00) " p, T
The probability that the request will be served by the system is —
I:)service =1- I:)faik =1- (nn /n!)pn+m Po
In addition, it is the relative throughput of the system, which is equal to the
average fraction of requests that enter the system and are served by it.
Absolute throughput A is equal to the average number of requests that the

gueuing system can serve per unit of time, that is, it is the fraction of the incoming
flow of requests that enters the system and is served by it:

= APsnice =A@ —(n" /NN 0" " py).
Let us define the average number of requests waiting for service — L. If the
queuing system is in the state {n+1}, then there will be one request in the queue,

the probability of this is p,.;. If the queuing system is in the state {n+m}, then

there will be m requests in the queue, the probability of this is p,,,. The average

number of requests in the service queue is equal to the mathematical expectation of
the number of requests in the queue, it can be calculated by the formula:

L, =Zm:i- P... =ii.(nn /). p™p,=(n" /) p"™ (1+2p+..+ mp" ) p,. (3.52)

If p=1, then the expression in parentheses becomes an arithmetic
progression 1+ 2+3+...+m. Its sum is equal to m(m+1)/2. Then
L, =05(n"/nl)m(m+1)p,.
Let p=#1. Let us simplify the expression in parentheses by expression
(3.52):
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1+2p0+3p* +...+ mp™™* =di(p+,o2 +p%+..+p")-
¥e,

The expression in parentheses is a finite geometric progression with
denominator p. The sum of its terms is

p+p2+p3+...+pm:M- (3.53)
1-p
Let us calculate the derivative of expression (3.53):
i(p(l—p"‘)}l—pm(ﬂm—mp)_ (3.54)
dol 1-p 1-p)?

Substituting (3.44) into (3.52), we can find L at p=1. Finally:

n"1-p"(+m-mp)
— , p#1,

L, =1 n! (1- p)? PP P (3.55)
0,5(n" /n)m(m+1) p,, p=1

Figure 3.9 shows a graph of the dependence of the average number of
requests waiting for service on the load of the entire queuing system p for different
values of the number of channels n and the same number of waiting places m=7.

Ly
1,44
1,21

i
0,81
0,64
0,41
0,21

0 01 02 03 04 05 086 07 08p

Figure 3.9 — Dependence of Lq on system load p at different n

It is clear that when p>05 the queue length increases sharply; with
increasing n and the same value of p, L, also increases sharply, and then the

increase slows down.
Figure 3.10 shows a graph of the dependence of the average number of
requests waiting for service on the load of the entire queuing system p for different

values of the number of channel waiting places m and the same number of channels
n=>5
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Figure 3.10 — Dependence of L, on system loading p at different m

It is clear that the number of waiting places significantly affects the length of
the queue in the system. As m increases, L, also increases. This is explained by the

fact that fewer requests are denied service. In addition, as in the previous case,
when p>0,5 the length of the queue increases dramatically.

Let's determine the average number of channels occupied by service — n,
and accordingly, the average number of requests served. Each busy channel serves
on average u requests per unit of time, and the queuing system in general — A
requests. By dividing A on ., we get i':

ﬁ:é — A@=(n"/n)- p""p,) —np(L—(n"/nt)p
U 1z
This leads to an important indicator — the system channel load factor — z:

n+m

Po) .

z,=n/n=pL-("/n)p"""py).
Average number of service requests and queues (in the system):

N n"1-p"@L+m-mp)
L, =n+L,=np—(n"/n})-p" mpo)+ﬁ (1- p)?

Average request waiting time in the queuer we find by Little's formula
(2.39) - L, =Ar:

2" p,, p #1. (3.56)

Lq Lq
Tg=—t=—>". (3.57)
A nup
Substituting (3.55) into (3.57), we obtain:
n" 1-p"@+m-mp) .,
: , P#L
r=lm ey P
0,5(n"/An)m(m +1) p,, p=1

or
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n"* 1-p"(1+m-mp)
7, =9 un! (1-p)°
0,5(n"*/ piYm(m+1) p,, p=1.

P Por p#]

Average request dwell time in the system 7, for p#1 we also find by
Little's formula (2.42) — L, =Az,:

rob_ L (3.58)
A nup
Substituting (3.56) into (3.58), we obtain:

nnl_pm(1+m_mp) n+l

=1-("/nY)-p"" ) u+—
o =1 )P P ) nl ﬂ,(l—p)z 2R

or
nN"*1-p"@+m-mp) ,
2 p pO
n! u@—p)
If the M/M/n/m queuing system models an economic system in which
requests are served, then for its optimization we can use the criterion — the function
of the cost of losses in the system for time T — G:

E = (Cyomntime @ — 2 )N+ Cy Ly + AC 5 Prayy +CezsN)T

7, =@— (" /) o7 p,) e+

where Cynime— COst of a unit of channel downtime; C_— the cost of losses from the
request being idle in the queue per unit of time; Cy,; — the cost of losses from

leaving the system of a request that was not serviced; C_— the cost of operating
each channel of the system per unit of time.
The profit from the operation of the SMO — G can also be used as a criterion:

s’ service

where C,— the cost of servicing each request, i.e. this is the gross profit received

when servicing each request.
Optimization can be performed either by the number of service channels n or
by the service intensity u, provided that this parameter can be changed. It is also

possible to assign a service cost to each request C_, so that the profit G is not less

than the planned one. It is advisable to carry out the optimization using numerical
methods [19].
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3.5 Single-channel queuing system with arbitrary event streams

In Kendall's notation, a single-channel system is denoted as G/G/1, i.e. itis a
queuing system with an arbitrary input flow described by the distribution function

A(t) and an arbitrarily distributed service function — B(t). This system is studied
in detail in [3].

LetA :ﬁtdA(t)} — average intensity of the incoming flow, and
0

7] :ﬁtdB(t)} — average intensity of service flow. If 7> A, then for the steady

state of this system there exists a waiting time distribution function W (t), for which
we can determine the Lindley integral equation [3]

W (t) = _LW(t—X)dC(x), t>0,
0 , t<0,

Where C(t) = [ B(x+t)dA(t).

The solution can be found by factoring the Laplace—Stiehljes transform of
the kernel of the integral equation. The corresponding factorization equation will
have the following form:

a(=s)B(s)-1=0,
where a(S) and B(S) — Laplace-Stiehljes transform of A(t) and B(t) respectively.
Let us use Theorem 4 from [18]: if the Laplace—Stiehljes transform of B(t) — £(S)
is the ratio of two polynomials A(s)=P /Q, moreover n>m and
exp(At )L1—A(t)] has limited variation in (0, ), then the transformation Laplace —
Stiehljes from W (t) — ¢(S) will look like this:

o(s) = Q ) 5 (3.59)
Qo1 |

where (. — zeros of the function 1—a(-s)f(s) in the left half-plane, where
Res < 0. Choosing the inverse Laplace—Stiehljes transform of ¢(S), we can obtain
an expression for the waiting time distribution function W (t) in a queue.

Example. Let us investigate a system with hyperexponential input flow and
Erlang service time distribution, .e.
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Alt)=1- Za exp(—At), B(t)=1- Z((ﬂt)il; - Accordingly I:(ii} ,

7 ﬂ . Laplace-Stiehljes transform from A(t) and B(t) has the following form:

_mai_ﬁ“u B y7] n_ ,Un _QO(S)
“(S)‘Esm’ﬂ(s)_(sw) 6w Q)

Then

(u+s) (3.60)

P(s)=— oY
n 1_7
-y

where . — roots of the equation in the left half-plane

a4 | u )
(B ) () e

Let's choose s= u(z—1), then equation (3.61) will be as follows:

n a i
— 1 _7"=0. (3.62)
éﬂ‘i +u(l-2)

Equation (3.62) has m+n zeros, the n zeros of this equation are contained in
the circle | z|=1, taking into account their multiplicity. To prove this fact, we find
the values of the moduli of both applications (3.62) on the boundary of the domain
|z|=1-¢&, £ >+0, then

|-z|"=(@1-¢&)". (3.63)

If we expand the right-hand side of (3.63) using Taylor's formula and discard
the terms of the highest order of smallness with respect to the first, we obtain:
|-z['=1-ne. Similarly:

m all
Z/l + u(l-2)

i=1

_#Z.

Because z > A, then &n <g,ui1:> n <,uZIi, that is on the border of the

i=1 i i=1 i

; n S aiﬂ'i
region |Z|:1—8,6‘—)+0, ‘—Z ‘>Z“—(lz) .
ﬂ —_—

i=1 74

According to Rouchet's

—2"| and i _ 7" have the same
i=1 /71 +1u(1 )
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number of zeros — n. We denote them as z,,z,...,z. Using what s = z(z—-1), we get
g = u(z; =1, i=12,...,n. Finally:
o(3) = (i + s)H(Z—_lJ (3.64)
ia\ iz -1 —s
By applying the inverse transformation Laplace — Stiltjes from(3.64), we
obtain an expression for the waiting time distribution function in the queue:

n ﬁ(ze _1)Zin
W(t)=1-> =L g H-m)t, (3.65)
= n H(Ze_zi)
Z e=1

o (z,-7z)
Applying the obtained expressions, one can find the basic indicators of the
studied queuing system.
Probability of downtime—

Piowntime = Po =W (0) = ![)noo @(s) = H(l_ Z;).
i=1

Average waiting time in line

Tq :_(”’(S)‘s:o :i{ . n}'

iz #d-2) wu
The average number of requests in the queue is determined by Little's

formula (2.39)
m ai -1, 1 _ﬂ
Lq:(iz—l“ZJ §|:/u(1_zi) u]

Using these expressions, it is possible to evaluate the main characteristics of
the system's functioning depending on its parameters.

3.6 Queuing system with a finite number of request sources

A significant number of real-world technical systems that are modeled using
queuing systems have a finite number of request sources. A request source does not
send a new request for service until the previous request is serviced. An example is
an input-output system, the devices of which periodically send requests for the
transfer of information arrays. Probabilistic models of such systems are queueing
systems with a finite number of request sources, which are also called closed
systems.
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Let us investigate such a system under the following assumptions:

— system — Markov, number of query sources — k, the intensity of initiating
requests from a single source — A, the source does not send a new service request
until the previous request is serviced;

— single-line system, intensity of service requests — u;

— if the service channel is busy, then the initiated request waits for service
either in the queue or at the request source itself.

Let us denote by S;,i=01...,k the state of the system when i requests have
been initiated, one is being served, i —1 are waiting for service, and k —i sources
have not initiated service requests. The probability of state S;is p;(t).

Figure 3.11 shows the state and transition graph of such a queuing system
when the number of request sources of the closed system is five.

s, 34 s 44 s, 34 s, 24 S A Ss

Figure 3.11 — State and transition graph of a closed queuing system

Let us derive a system of differential equations for the state probabilities.

Intensity of request initiation from a single source — 4, and from j sources — M. If
the system is in a state i, 1=0,1,..,k, then the total intensity of incoming requests —

(k—i)A.
Using the method of composing differential equations for state probabilities

from subsection 1.2.3 we obtain the following system of linear differential
equations:

Po (t) = _kj'po (t) + o, (t),
P, (t) =—{(k =1)A + 1] p, (t) + kAp, (t) + 10, (1),
p,(t) =—[(k =i)A + 44l p, (©) + (k=i +2)Ap, ,(t) + 1D, , (1), 0<i <k
Py (t) =—Hp, (t) + ﬂ“pk—l (t)
Initial conditions — Po(0)=1,P(0)=00<i<k.
To solve the system (3.66), we choose the numerical Euler method for
solving systems of differential equations [25]. We denote by p; probability value

(3.66)
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p;(t) at the I-th step of the calculations. System (3.66) will be written in a form
ready for iterative calculation
Pyt =P, +h- (=kAp, + wpy),1 =01,2...,
pr=p' +h-[-(k=i)A+p)p +(k—-i+D)Ap,, +up.,), 0<i<k,I=0212.
=P +h-(-up, + A0, ) 1 =012..,
p, =1 p’ =0,i>1,
where h—integration step.
To numerically solve the system of differential equations (3.66) using
formulas (3.67), it is necessary to choose specific values of the parameters A, u

" (3.67)

and h. The integration step h will have to be chosen experimentally, and the
solution will be approximate.

Figure 3.12 shows the probability graphs of the state of the studied system
for the transition regime at 4=0,2; £=1,k=5;h=01.
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Figure 3.12 — Transitional mode of queuing system with a finite number
of query sources

It is clear that from the moment of time t =5 the system enters a steady-state
operating mode.

Let us investigate the steady-state mode of operation of the queuing system
with a finite number of request sources. For the steady-state mode
p; (1) = p;, pi =0 system (3.66) will take the following form:
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- kﬂ’po +:up1 = 0’
—[-(k=D)A+ z]p, +kAp, + up, =0,

—[-(k=2)A+ u]p, + (k=D Ap, + 10, =0, (3.68)
—[-(k—D)A+u]p, +(kK=1+DAp,_, + 1p,, =0, 0<i <Kk,
— HP, +/ka—l =0.

Normalization condition:
k
> p =1 (3.69)
i=0

Divide each equation of system (3.68) by p and introduce the exponent
p=Al 1 loading the serving channel with one source of requests. System (3.68)
will be as follows:

—kppy + p, =0,

—[-(k-D)p+1]p, +kop, + p, =0,

—[~(k=2)p+1p, +(k-1)pp, + p; =0, (3.70)
—[-(k-1D)p+1p; +(kK-1+Dpp,_; + p;.,; =0,0<i <Kk,

— Py + AP =0.

By successively solving the equations of the system (3.70) with respect to
Py We obtain:

0. — (k'i!i)!pi 0,. (3.71)
Using the normalization condition (3.69), we find an expression for p,:
S
p°:{§(k—i)!pl} ' (3.72)

Hence, the average number of requests in the system will be as follows:

k
L, =>i-p,, and the average number of request sources waiting to be serviced is —

i=1

k
L, = Y (i-1)- p,. After transformations we get:

i=1

L =30-D-p.=Xip, - p, =L, (- p,) (3.73)

The average number of sources that have not submitted service requests will
be k —L,; the fraction of time when the service channel is busy is equal to 1— p,.

Numbers kK — L, and 1— p, are proportional to the average time that requests spend
in the corresponding state, hence
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A 7z, Uwp 7

— === (3.74)
k-L, L, 1-p, L
Using expression (3.74), we can express the average number of requests in
1
the system as a function of pj. = k-L =L =k _TO' Finally:
u u
L —k-1ZP (3.75)
Yo,
From expression (3.74) it follows: k1//|1_ :%, hence the average time a
request from a source IS in the system -
k—l_ Po
L ko—(1-
7, = SL = "1) = '21( p°). Finally:
( - s) ﬂ,(k—k‘F _poj ( po)
Yo,
LY (3.76)
A1- Po

From expression (3.74) it follows that the average waiting time for a service
request is equal to 7, =L /[A(k —L,)]. Using (3.73) and (3.75), we obtain:

1-p
k—="Po_q_
Lo L-a-p) P paepa-py

“Tak-L) T Ak-L) l(k_k_l—poj A1-p,)

P

: 1( kp
Finally: 7. == -1+ p) |
y: 7, /1(1_ 0. ( p)j
Figure 3.13 shows a graph of the average waiting time for a service request
7, on the intensity of requests from the source at =1 and different numbers of

request sources.
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Figure 3.13 — Dependence of service waiting time on parameters A and k
These dependencies, unlike an open system, are linear.

3.7 Absolute priority queueing system

In computer systems, especially those that operate in real time, there are
preferences for servicing some requests over others — priorities. Modern operating
systems have up to 16 priority levels. There are relative, absolute, dynamic,
situational and mixed priorities [15]. With relative priorities, it is not allowed to
interrupt the servicing of requests; only after the channel is released from the queue
Is the request with the highest priority selected for servicing. With absolute
priorities, a request that has recently arrived with a certain priority stops servicing a
request with a lower priority. With dynamic priorities, the priority of individual
requests in the queue can change depending on changes in some indicators, for
example, the waiting time in the queue. The general theory of queuing system with
priorities is quite complex and goes beyond the scope of a higher educational
institution course.

As an example of a priority queuing system, let us consider a single-channel
Poisson system with absolute priority, to which two streams of requests arrive: non-
priority and priority. Priority requests are serviced in the order of arrival. If a
priority request arrives in the system when it is servicing a non-priority request,
then this service is terminated, and the channel begins to service a priority request.
A non-priority request, the service of which has been interrupted, is serviced in the
future only after the channel is freed from servicing priority requests. The intensity

of the priority flow of requests is 4, the intensity of the non-priority flow of
requests is A,. The intensity of service of incoming flows, respectively, 4 and s, .
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Denote by S;; the state of the system when i priority and j non-priority requests

have been received for service. If >0, then this means that at this point in time

the priority request is being served. The graph of states and transitions of the
studied system with absolute priority is shown in Figure 3.14.

H, H, .
A, M }:1
Sy 84
Hy }\2' H, }"2' .
My LW M
531 sd1
H, H,
% | hzq H,
Ny M, | My My ?‘*1.
" hm:uz M, N S, hﬂsn M, N 52, N Saz "
Ny My Aq My }:1
M 4 Ss hy 4512 My S22 I g g 43
Ze . . :

Figure 3.14 — State and transition graph for a queueing system with two input
streams and absolute priority

If the number of priority levels is greater than or equal to two, then the graph
of states and transitions will take on a three-dimensional form and it will be
impossible to study such queuing systems using the apparatus of state probabilities.
In view of this, certain difficulties arise when studying priority systems using
analytical methods.

We will demonstrate the study of a queuing system with two input streams
and absolute priority based on the provisions of [15].

Let's assume that p, =4, /44, p, =4,/ u — loading of the service channel
for each request flow. If p=p +p, <1, then there is a stationary mode of
operation of the system. Let us denote by p; ; stationary state probability S, .

Using the method of section 1.2.3, we will construct a system of linear equations
for the probabilities p; ;,i=0,12,...,] =0,1,2,

101



— (A +A4,)Poo + £4Py + 14, Py, =0,

— (A + A, + 1) P + 1Py + 1, P50 + AP0, =0, ] >0,

—(A+A,+ )P+ AP + 4Py, =0,1>0,

—(L+ A, + )P AP AP TP, 1>0, ) >0.
The normalization condition is

(3.77)

o0 00

>>p, =1 (3.78)

i=0 j=0
To solve the system of equations (3.77) according to the normalization
condition (3.78), we introduce the generating function

G(u,2)=> > p,u'z’. (3.79)
i=0 j=0
For a queuing system with an infinite number of waiting places, the

probability of idleness does not depend on the service discipline and will coincide
with  the probability of idleness for the M/M/1 system, i.e.

Py = Poo =1-p=1-p,—p, =G(0,0).

At u=1,z=1 G(u,z) is transformed into a normalization condition and
G(L,1) =1. Multiplying each equation (3.77) by u'z’ and summing up for all with
the values of i, j, we get:

U+ 20+ 180G 2)+ Y (11— 14) o 20 — 1P =
)=0 (3.80)

=4 Z pi—l,juizj "‘MZZ pi+1,juizj ++4, z pi,j—luizj +ﬂ22 po,j+1zj-

i=0 j=0 i=0 j=0 i=0 j=0 j=0
By definition G(u,z) it follows:

G(U, Z) _ [lLllz(u _1) — lleu(Z _1)](3(0! Z) + ,LlZU(Z _1)(1_p) ) (381)
Auz(l—u)+ Auz(l—2z)+ 1 z(u—-1)

The denominator of the expression is a polynomial of the second degree in u
and has the root U, less than zero and rootu, greater than zero.

y 2 AtAhA-)+u ~JIA+4,0-2)+ 1) - 44
1 22‘1 .

Since the double series (3.79) is convergent for u<1,z<1, then u, must be

(3.82)

the root of the numerator as well, whence
G(O, Z) — /JZ(Z —1)U1(1—p) . (383)
HZ— ul[lulz —H, (Z _1)]
Substituting G(0,z) into (3.81), after transformations we obtain:
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11— oy — p,2)A - pyu)
State probabilities p, ; can be found using partial derivatives of G(u,z):

1] o
B AT |
P i!j!{&u'&zj S Z)lzo (3.85)

If we consider only priority requests, then non-priority requests do not affect
the process of their servicing, hence the characteristics of servicing priority requests
coincide with the characteristics of the M/M/1 type of queuing system with
parameters A=A, =gy . Accordingly p=p, =4, /4. For example, the average

number of priority requests in the system is L, =1/(1-p,), and the average
waiting time in the queue is 7, = p, /[14(1— )]

Let us denote by g :Zpi’j the unconditional probability that there are i
j=0

priority requests in the system, and because of(; IZpi,j the unconditional
i=0

probability that there are j unpriority requests in the system. The generating
function for the unconditional probabilities g;j is defined as
w ) 1-p
Gl 2) = 7l = : 3.86
( Z) jzogjz (1_p1u1_p2u) ( )
Using expression (3.86), we can find the average number of non-priority
requests in the system:

L, =3 ig, _dGd2)| (3.87)
j=0 dz _—
Let's calculate the derivative of G(1,z) with respect to z:
dG(lv Z) _ (1_p) pl(ul)z + 0, _. (388)
dz (1_101u1 — P> Z)

Let's use the property of derivatives y;, =1/x]. Then expression (3.88) will
take the following form:

1
—+
P 2), P2

dG(1,z
dz 11—y — p,2)
Since u, is the root of the denominator (3.81), then
AU z(l-u)+Auz(QA-2)+ gz(u, -1 =0. (3.90)

(3.89)

From here
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2=, = (AT A, +14+ g [ A, — g1, I(A,U,). (3.91)
Let's find the derivative of z with respect to u,:

(2), =24 -4 (3.92)

AUy A .

Expression (3.89) takes the following form:

AUy
_ 2
d6LD) _ " mm—Au
dz (1—plU1 — P Z)
Note that u,(2) =1, hence

P + P,

(3.93)

A,U;
_ (1_ ,0) Hy _ﬂ’lulz
=1 (1_p1u1 — P, 2)2

P P,

_ dG(1L,2)
j=0 - dz

z=1
Finally: L, :A[u& : LJ. (3.94)
1-p\ m 1-p
Using Little's formula (2.42), we find the average dwell time in the system of
non-priority requests:

7, = L, _ 1 (1+&.Lj. (3.95)
L wA-p)\ @ 1-p

Figure 3.15 shows graphs of the dependence of the time spent by low-
priority requests in the system on the service channel load at different values of the
channel load by high-priority requests. For comparison, a graph of the dependence
of the time spent by requests in the system for the non-priority M/M/1 system with
the same parameters is presented.

T

0.1 02 03 04 0.5 P>

Figure 3.15 — Dependence of the time spent in the system for:
1 — for non-priority requests when p, =0,2;
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2 — for non-priority requests when p, =0,3;
3 — for arbitrary requests of the M/M/1 system when p=0,2+ p,

It is clear that the introduction of a priority stream dramatically increases the
time spent in the system by non-priority requests compared to the M/M/1 type of
gueueing system.

3.8 Queueing systems networks

The current stage of computer technology development is characterized by
the mass introduction of computer networks, in which different computers in the
network can be used to solve a specific problem. Computer networks are
characterized by complex topology, so it is often necessary to pre-model the future
network. Through modeling, network characteristics, necessary network
equipment, optimal topology, possible reserves for future development are
determined. In addition, network modeling ensures the avoidance of costs due to
additional network restructuring in the future. As analytical models of computer
networks, queue management systems are used.

In general, a queuing system network consists of several individual queuing
systems, the outputs of which are connected to the inputs of the queuing system
network, as shown in Figure 3.16.

-7 "Queuing system - _
e network

External source
of queries

Figure 3.16 — Queuing system network topology

A queuing system network consists of N separate lossless queuing systems
Si. Service requests with probability 11, arrive at the i-th queuing system of the
network (1=12,...,N) from an external source Sy. A request that has been serviced
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at the i-th queuing system with probability IT; arrives for service at the j-th

queuing system or leaves the system with probability I1,.

Let us consider an arbitrary request, which after entering the network
sequentially passes through individual queuing systems — S;,S;,S5,,5,,....

Sequence $;,S;,5,,5;,... forms a certain implementation of the Markov
chain, which describes the functioning of a network with a stochastic matrix:
0 1, I, .. II,]|
n, I, I, .. I,
)=\, 1, 1, .. I, | (3.96)

1—[NO ITNl HNZ l_[NN

Where 0<IT, <1,i=1N, j=LN - the probability of transition from the i-th
queuing system to the j-th. Matrix |II| is called the network transmission matrix.
The sum of the probabilities of this matrix along the rows is equal to one:

N
;H“ =1. (3.97)
For the network in Figure 3.16
0 TII, O 0 0O I, O]
0 o I, 1, o0 I, O
0 0 o II, II, O 0
mj=fo o o o0 1, 0 II.|
m, 1, O 0 0 0 0
0 0 0 0 0 0 II,,
I, 0 0 0O I, O 0 |

besides
I, +11, =111, +11, +11, =1, I, +11, =1, I, +11, =1, I, =1, I, +11,, =1.
Queuing system networks are very difficult to study. They are usually studied in
steady-state conditions and with Poisson event flows.

Let 2, — the total intensity of the flow of requests to the i-th queuing system,
I.e. the average number of requests that arrive in this system per unit of time in a
stationary mode, and p, — the average intensity of the flow of service requests in
the i-th queuing system of network. The intensity of the flow at the exit from this
system is also equal to A (lossless system). Probability IT ; that a request that was
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served at the j-th queuing system finds its way into system i does not depend on the
previous path of this request and the state of the network. Therefore, for the
stationary regime, based on the total probability formula (1.4), we can write:

N
A=Y All;,i=012..,N. (3.98)
j=0

N
In expression (3.98) A, = Zloj — total intensity of the query source.
j=L

Let's write down 4,4, 4,,...,4, as a column matrix [A]=| 4, |, then system

(3.98) can be written in matrix form:
[A]=[0] -[A], (3.99)
Where [I1]" — matrix transposed to matrix [IT].
From (3.99) we find
(O] -1)-[a]=0, (3.100)
where | is the identity matrix of order N +1.
Expressions (3.98) and (3.100) describe a system of N +1 linear

homogeneous equations with respect to the intensities A,,4,,4,,....,4,, and the
expression (“H||T - |) is the system matrix of this system of linear equations. For

this system to have a nontrivial solution 4 # 0, it is necessary that the determinant
of its system matrix be equal to zero:

-1 mn, I, . I,
1_[01 Hll -1 1_121 HNl
T
“:H] - I‘: I, I, I,-1 .. T, [=0, (3.101)
HON HlN HZN HNN -1

If we add the sum of the corresponding elements of the other rows to each
element of the last row of the determinant (3.101), then this row will become zero:

Iy + 10, + 10+ + 10 =1+ + 10 =T + T0 4+ 4+ TT G+ + T + 1T —1=0.
Therefore, the determinant (3.101) will be equal to zero, and the system (3.98) has
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many solutions, although all 4, 1=12..,N can be expressed through A,:

A =054, 1=12,...,N by solving the system of inhomogeneous equations:

IT oA + [T A, + 113045 +... +1I oAy = Ao,
(I -4 + Iy A, + 11545 +... + Ay = Aol
[, A + (I DA, + T As +... + My Ay = Aol gy,

HinA+ Ty + gy Ay +.+ (T =D Ay =—A oy -
Consider the network shown in Figure 3.17 [20].

-~7 Queuing system™.
network

External source
of queries

025 .

Figure 3.17 — Example queuing system network

It is described by the gear matrix

0 1 0 0
o 0 05 05
0 025 0 O075(

05 0 025 025

It corresponds to the following system matrix:

-1 0 0 0,5
1 -1 025 O
0 05 -1 025/

' 0 05 0,75 -0,75]

which corresponds to a system of equations of the form (3.102):

0,94, =4,;

-4 +0,254, =—4;

0,94, — 4, + 0,254, =0;
0,54, +0,754, - 0,754, =0.

-

Iy -1-
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Let us write its coefficients in the unknowns in matrix form and perform the
transformation using the Gauss method. Let us denote the row numbers with
Roman numerals:

0 0 05]1 0 0 05]1
-1 025 0 |-1 0 0 -05[-1
= =1+1+1V)= =
05 -1 0250 05 -1 0250
05 0,75 -0,75/0 05 0,75 -0,75/0
0 0 051 0 0 05 1
Il =11-05I
=05 -1 025[0= =05 -1 0|-05=
11 =111 +0,5I
05 0,75 —0,75/0 05 0,75 015
0 0 051
==l-=0 -175 0|-2={lll =1l +11/1,75%0,75}=

05 0,75 0]15

0 0 0,9 1
=0 =175 0| -2
0,5 0 00,643
Finally:
0,643 _ -2 _ 1
h== P = L2850 Ay = — o = 1142001 Fo = o =2
From this example it is clear that the system of linear equations (3.102),
which describes the queuing system network, has a unique solution with respect to
A — =04y, 1=12,...,N.
For a stationary regime to arise in a network of queuing systems, it is
necessary that each queuing system that is part of the network operates in a

stationary regime. Since the queuing systems that are part of the network are
lossless systems, in order to create a stationary regime, it is necessary to ensure that

the following condition is met: A, < g for each queuing system. It can be written as

a A, <pory < j=12.. N. Therefore, for a stationary regime to arise in the

queuing system network, the following condition must be met:
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Jo < min N%. (3.103)
B i

When calculating the characteristics of queuing system networks, it is
advisable to know the time a request spends in the network. If the average time a

request spends in each queuing system network is known (7,), then the following
formula is used [20]

N
T, = Zairsi. (3.104)
i=1

Expression (3.104) means that a single request can be served multiple times
on the same queuing system of network.
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4 APPLICATION OF THE THEORY OF QUEUING SYSTEMS

The material in this section is based on the author's experience in developing
gueuing models when designing computer systems for various purposes.

4.1 Research and selection of parameters of the module for receiving pulse-
number information

In modern automatic and automated control systems, a special input-output
processor is usually used to organize a rational connection of the control computing
complex with the control object. One of the requirements for the input-output
processor is the minimum cost of the central processor (CPU) machine time for
information exchange. If the control system includes sensors of active, pulse-
number information, where each pulse contains information about a certain
increase in the measured value over the corresponding communication channel, the
input-output processor must include a special module for receiving pulse-number
information (hereinafter referred to as the MRPNI). This module, which includes
pulse counters for each channel, allows you to pre-process the information received
about the state of the control object, and therefore, reduce the load on the CPU.
This is especially important at high frequencies of pulse-number signals.

You can download information from the MRPNI in two modes.

1. On a CPU command, which reads data from one or more MRPNI
counters; moreover, after reading the information, the counters are reset.

2. By command of MRPNI in case of filling of counters by a certain value or
their overflow; in addition, the processor receives an interrupt signal, after which it
IS necessary to accept and process the next portion of information. Interrupt and
reset information from counters using the processor immediately after the interrupt
signal arrives. If the interrupt signal arrives after the counter has been filled to a
certain value, the processor may stop retrieving information for a while, in
particular if the execution of the current program cannot be interrupted at that
moment.

The process of removing information by command of the central processor
usually occurs in the control cycle; the process of removing information by
command of MRPNI, that is, by requests from counters, is carried out
asynchronously with respect to the control cycle, and therefore it is desirable that
there be as few of them as possible. Let us denote by F the total frequency of
interrupts coming from MRPNI counters. Then F can be chosen as a criterion for
the efficiency of the functioning of the module for receiving number-pulse
information.
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The study of the functioning of the MRPNI is based on the following:
a) the interrupt signal arrives at the CPU when the i-th counter is filled

(i=1n) on Q; pulses; the resolution of the i-th counter is m;, and its capacity is
W =2" -1 pulses. The probability that the processor will immediately remove

information from the i-th counter in the event of an interrupt signal a;;

b) the flow of pulses arriving on each channel is random and is described by
an exponential distribution function with parameter f, where f — average
frequency of pulses arriving on the i-th channel;

c) the process of retrieving information at the processor's requests in the
control cycle (before the interrupt signal arrives) is random, described by an

exponential distribution function with parameter ., where x — average polling

frequency of the i-th counter of number-pulse information in the control cycle.
Information removal from the counter after it issues an interrupt signal with a delay
of a random time & is carried out with probability 1—a; (this probability is small).

Random time &, which has an average value 7,, subject to an exponential

distribution with parameter v, =1/7,.

Let us first investigate the process of functioning of one i-th counter
receiving number-pulse information. The graph of a random process of states and
transitions for it is shown in Figure 4.1, where under the recording {j} (j =0,w,)
understand the state of the counter when it contains j pulses, the stationary
probability of this is p; (j=0,W).

i. N . ~ |
{f?} Fz: {1} f:f; {2} "Ff, {?g‘f}ﬂ' {E’ﬁ}{f-ﬂg}ﬁ{ﬁ“‘f} W{f} 1"}, {Wi}

Figure 4.1 — State and transition graph for the i-th counter

The system of stationary equations corresponding to this graph has the
following form:
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-, p0+'uiqi P+ +a,f)p, +v, ij =0,
=

j=0;+1
_(fi +lui)pj + fipj—l =0,0< J =q;,
_(fi +Vi)pql+1 +(1_ai)fi P, =0, (4.1)
_(fi +Vi)pj + fipj—l =0, 0 +1< J <Wi’

—ViPy t fi P4 = 0.
The normalization condition is
W,
P+ P =1 (4.2)
j=1
According to the second equation of system (4.1), we consistently find:

J
P = f‘ o, P; = f‘ Po. J <0
' fi + 14 o fi + 4 o

By substituting p,_ into the third equation of system (4.1), we obtain:

p _ fi ’ (1_ai)p
) fr

From the fourth and fifth equations of system (4.1), we successively find:

(1-a)f/! _
- Il g o14q < j<W,
P ) gy PRSI
ey
P T ) (e

Substituting these probabilities into the normalization condition (4.2), after
the appropriate transformations we find the probability p,:

S PO P (T O € P (R N 1-a)f"
0 Hi fi —H (fi +Iui)qi Vi fi_/ui Vi(fi+/’li)qi(fi "‘Vi)Wi_qi_l

Probability of information loss p,, by the i-th counter:
— (1_ ai) fiWi
P ) (1, vy
According to the last equation, you can choose the counter resolution and its
polling frequency so that the probability of information loss is within the specified
limits.
An important characteristic of the operation of the i-th counter is the average
time T, between issuing an interrupt signal to the CPU. To determine T, we will
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slightly change the graph (Figure 4.1) by introducing a new state {r;} and denoting
the intensity of the transition from state {r;} to state {0} by 7, (Figure 4.2).

oy £ £ Ag¥redy £ W)
Figure 4.2 — Modified state graph of the system

The graph in Figure 4.2 will be equivalent to the graph in Figure 4.1 if

i = 0.

The state {r;} can occur only upon a counter interrupt signal. Let us denote
by T.” the average time between interruptions, taking into account the input state
{r.}. When 7, =0 we have: T, —T,. Time T, will consist of the average time L; —
the movement of the random process through the states {0},{1},...,{q;}, the average
time N; - the movement of the random process through the states
{g, +1.{g, + Z},...{W,} and the average time R; the time the random process is in
the state {r};, thatis T." = L. + N, + R Let us transform the graph shown in Figure

4.2 into the graph shown in Figure 4.3, that is, we isolate the states {r;} and {0, +1}
and make them closed.

o{r}

" i
P “ir

-

o eas > =0
@ f f; ii}'g} (t-a;)fi 1g:+71
Figure 4.3 — State graph of a system with closed states {r;} and {g, +1}

The boundary between the states {r;} and {q; +1} is the state {0}. The initial
conditions are p,(0)=1, p;(0)=0,i =0 .
Probability density U(t) of being in a subset[{0},{1},....{0;}] equal to

d d d d .
gt PO+ 5 Paa(®),and 2D O+ PO =1ip, (U, thatis U®) = fip, (.
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To determine p, (t) it is necessary to compose a system of differential

equations:
d 9i
a po(t) == fi po(t) +lLliZ P (t)’
i=1
d (4.3)
a P; (t) = _( fi +1Lli) P; (t) + fi pj—l(t)V J :1’2""’qi 1
with initial conditions p,(0)=1, p,(0)=0,i=0.
Let us find the solution of system (4.3) using Laplace transforms:
q
(i +S)(f+i+sj
p, (t) = A _. (4.4)
S( fi +/ui + S) + 1:i:ui [flj
f+u+s
Applying the known relations, we obtain:
. d d (f 4+ p)%* - £5°
L =|tUt)dt=——U(s)| =—-f—p,(S)| =—"""""—5—"—. 4.5
JtUdt=- U6 ==figp (@) = (45)
By performing similar actions, we get:
N =1 R A (4.6)
Vi 77i
So,
g+l
v, [{1+ z] —1] +ul-a)
T=lmT = ' . (4.7)
0 MV
Hence, the average frequency of interrupt signals from the i-th counter is
F = MV . (4.8)

| v, Kl+ j}ql —1} + 1 (1—a,)

The total frequency of interrupt signals from the entire module for receiving
pulse-number information is

F=Y i . (4.9)

) VI[(1+ qu —1]+ u(l-a)

Using expression (4.9), it is possible to choose the polling frequencies of the
counters for receiving number-pulse information in such a way that, with the same
CPU time consumption for exchange, the impact on its operation by the MRPNI

115



through interrupts is minimal. To do this, it is necessary to minimize the function F

o n
in terms of variables . ,i=1n provided that Zﬂi =const. This problem can be
i=1

solved using well-known optimization methods, such as the fastest gradient descent
method [19].

In cases where the interrupt signal is given after the MRPNI counters
overflow, expression (4.11) will take the following form:

F=y #4 (4.10)

2mi
i=1
(1+ “'J -1
A

In this case, the solution of two optimization tasks is ensured:
1. With constant bit sizes of individual counters, choose the following polling

frequencies u at Zﬂi=C0n3t so that the total interruption frequency F is
i=1

minimal.
2. With constant polling frequencies of individual counters, choose the

following bit sizes of individual counters m. (i.e. the number of flip-flops and other
electronic circuits) so that with a total constant number of electronic circuits
(Zmi =const ) the total interruption frequency F was minimal.

Example. Let n=3, f, =1000Hz, f, =5000Hz, f, =8 000Hz. Resolution of

individual counters — m =m,=m, =8, > x =300Hz. Interruption is carried out
after overflowing of individual MRPNI counters. It is necessary to optimally (with
respect to the minimum F) choose the polling frequencies of individual counters.
Using the numerical method of the fastest descent, implemented on a PC, we
obtain: F;, =192 Hz at 1, =50,03 Hz, 1, =96,25 Hz, 1, =153,76 Hz. It is worth

noting that when x4 =, =2,=100 Hz F=4,971, i.e. the optimal choice of

polling frequencies made it possible to reduce the total frequency of interruptions
by more than two times compared to a uniform distribution of polling frequencies.

4.2 Probabilistic modelling and assessment of the quality of functioning of
information and management systems

Management information systems (hereinafter referred to as MIS), which
belong to real-time systems, occupy an important place in modern production and
social life. They are complex to implement, are constantly being improved, and are
used to solve increasingly complex tasks. The development of MIS is a rather
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complex process that requires designers to take into account many factors. To
ensure high quality of the MIS at the design stage, it is necessary to use modelling,
which will ensure verification of basic design solutions, and will enable the
identification of bottlenecks in the system. The most important component of the
MIS is software. It provide real-time solution of a wide range of tasks for managing
individual subsystems of the MIS, which are characterized by frequency, duration
of work, priority, volume of data input and output. Launching of certain tasks is
carried out by the MIS dispatching system according to commands periodically
prepared by the planner taking into account the functioning of the IMS. To study
the dispatching processes in the MIS, it is necessary to use appropriate models that
provide modelling of the processing of processes by the system depending on the
number of partial tasks, their frequency and taking into account the specified
algorithms. Several approaches to modelling the MIS are known, but at the stage of
preliminary design it is advisable to use analytical models that take into account the
stochasticity of the MIS functioning and allow, albeit relatively, to assess
Important characteristics of the system being developed.

The simple form of planning of the real time tasks execution is synchronous,
when slot between sequential starts of the same task are equal to the selected slot.
The flexibility and efficiency of such planning is greatly improved with the
introduction of priorities, as well as with the ability to solve the background tasks
when the computer system of MIS is free from solving real-time tasks. A variety of
characteristics can serve as a criterion of the effectiveness of the dispatching
operation of the system. For example the delay of start time of individual tasks on
the planned time: the meantime, the probability that the time delay exceeds a
certain fixed value and so on. The knowledge of these characteristics can be used
for synthesis of the system of planning of MIS software.

Let the entire time interval is divided into separate intervals A using a timer.
For each interval, a certain number of high-priority and low-priority tasks are
planned to be performed in accordance with the MIS operation algorithm. The time
free in the interval from solving real-time tasks is used to solve background tasks
(for example, test control of equipment). Interrupting high-priority tasks is
prohibited, while low-priority real-time tasks is allowed.

Interrupted low-priority tasks complete their service after processing high-
priority tasks. If a low-priority task is interrupted in the i-th interval, then its
continuation is added to the tasks in the (i+1)-th time interval. Each task is

scheduled to run with a certain period T.. It is possible to isolate the main cycle of
calculations T, which is the least common multiple T, ,i=12,...,N, where N is the
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total number of individual tasks solved by the MIS software. In general, the
execution time of each task can be random, and therefore it is important to know
the time of time delays during their solution. This is especially important for low-
priority tasks, the start of which can be shifted by high-priority tasks.

To consider the process of solving high-priority problems, let us assume the
following. Let &, — execution time of the task of the i-th priority in the j-th time

interval; @, =3¢

iel;

1=12,...,n,n+1n+2, is the time to solve high-priority tasks

ij !
in the j-th time interval, where |,— scheduled tasks for the j-th interval, and

n=T /AT, — the basic cycle of execution of high-priority tasks. Let @,— the

average time for solving priority tasks in the j-th interval. The total service flow in
each interval is formed as the sum of several service flows for each task and can be
considered the simplest, with the parameter 2, =1/¢,. The general service time

distribution function is written as a superposition of service flows for each

interval — B(t):l—iie“‘i‘, that is, it is described by a hyperexponential
m =

distribution. The input flow for such a system is regular, but it can be approximated

by an Erlang flow if the coefficient of variation approaches zero. The distribution
K i-1
function of such a flow, in general, looks like this: A(t) :1—2 E'/H)l)'
i=1 (1 —1)!

entire system reduces to a single-line queueing system of the form E/H/1. Let's
examine it.

e ™. So, the

m

-1
and ﬁ:{g‘ﬁ} —average intensity of flows described

Let /T:&
k

B(t)

according to distributions A(t) and ,and a(S) and B(S) — the Laplace—

. o _ A)
Stiehljes transform of these distributions, that is, a(s):(mj and

A== A

mi-i u, + S.
If 72> A, then for the steady state of this system there exists a waiting time

distribution function F(t), to find which we can compose the Lindley integral
equation [17]:
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F() - _ij(t— X)dC(x), t>0, 10
0 , 1 <0,

where C(t) = [ B(x+t)dA(t).

The solution can be found by factoring the Laplace—Stiehljes transform of
the kernel of the integral equation. The corresponding factorization equation will
have the following form:

y(s)—@za(—s)ﬂ(s)—lzé(f jz B _q-0. (412)

K (s) —s) T u+s
Note that the function
1o 11#+9)
“3u !
B(s) = m i:lm u+s  P.(s) (4.13)

M+ QO

Is the ratio of two polynomials, and the degree of the numerator is less than the
degree of the denominator. Therefore, according to [17], we can write that by the

Laplace—Stiehljes transform of F(t) there are

o(s) = an“ ) -t (4.14)
QOf[1-? |

where @, (i=12,...,m) — roots of the equation

1( 2o u
§)=0=— — —1=0, 4.15
7(s) m(ﬁ—s) ;yi+s ( )

which are contained in the left half-plane Res < 0. Using (4.13), we obtain in the
left half-plane Res <O0.

S
o(8)=— Q. () . (4.16)
M| 1=—
flufe-g)
Let S=A(1—2), then equation (4.15) will be as follows:
1 #4 sy (4.17)

miT u + A(l-2) -

119



Equation (4.17) has M+Kk zeros. The k zeros of this equation lie within
| z|=1, taking into account their multiplicity. To prove this, we find the values of
the moduli of both applications (4.19) on the boundary of the domain
|z[F1-¢6 6 >40 1

|-z['=(1-¢)" (4.18)
If we expand the right-hand side of (4.19) using Taylor's formula and discard
the terms of higher order of smallness compared to the first, we obtain

—z['=1—ke. Similarly | =3 RPN
=2 y .21:/1|+ﬂ,(1 Z) Z—1:m,uI 7,
= kA 4 :
Because 1> A, then &k>e— =Kk >ﬂ.zm—, that is on the border of the
H i=1 A
region [Z|Fl-g,e>+0 |-z¥> lzm: Hy | Then, according to
m i i, +/1(1—z)\
1 U
Rouchet's theorem, inside the domain |z| z* and [ Z—' z"} have
i=1 :u|+ﬂ'(1 Z)

the same number of zeros — k. The remaining m zeros of equation (4.17) are outside
the domain |z|=1. Let us denote them as z,i=12..,m Function

m ﬂ K - - . .
=N __ A 4 IS monomorphic with poles at the points
7(8) m.zlly +A(1-2) P P P

l+% i=12,...,m, between which there is at least one zero. Since there are m

poles in total and in the region | z |>1—% there are no zeros, then

llefl

1<z, <1+ L<z, <..<1+ <zk<1+ﬂ< ...... <z <1+#m (4.19)
A A A

Let's express ¢, through z.: g, =A(1-z), i=12,...,m. Because |z [>1,
then @, contained in the left half-plane Res<0.
Finally we get:

mﬁ (/ui +S)(1_ Zi)
i=1 H; +[ﬂ'(1_ Zi) - S] .
Using the inverse Laplace-Stieltjes transform from (4.20), we obtain an
expression for the distribution function of the delay time for servicing high-priority
tasks:

p(s)=1 (4.20)
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N H(l )y +A—Az)
F()=1- Z g Hm (4.21)
= n H(Z -Z,)
1)HMZ =

= (z-12)

Average delay time regarding maintenance high-priority tasks are calculated

as follows:
; ! -
f,=—¢'(s)_, = £ L(z -1) ﬂl

Let's define the time dispersion delays regarding maintenance high-priority
tasks:

D=c’=m?—f?, (4.22)

Where o,— root mean square deviation of the delay time, m, — the second
initial moment of delay time. Having calculated m, and substituting into (4.22) f;

and m, after transformation we get:

2 _ 1 1
D_Gd_izll|:ﬂ*2(z|_1)2 quj|'

The probability that time to solve high-priority tasks & will exceed the time
interval A, is determined by the distribution law:
P{& > A}=1-B(A).
Real-time conditions have a greater impact on the execution of low-priority
tasks for which service interruption is allowed. Let i be the priority level of the
analysed low-priority task, and T, = N,A is its execution period. Let us denote by

u; the time required to solve this problem in the j-th interval, and through w; — the

total time for solving all high-priority tasks in this interval, including the time to
finish servicing tasks from the (j —1)—th interval. Then the time remaining in the

j-th period is T. to perform the considered task, is determined by the expression

v‘j =max{0, T, —w;}, more over v‘j Is a random variable. It can be either more or

less than the time required to solve the problem u;. If u; >v} , then the considered

low-priority task will wait for the processor to be freed from solving high-priority
tasks. Each interval vij corresponds to the time interval u;. Thus, the relationship

between these random variables is similar to the process of servicing requests in a
single-line queuing system of type G/G/1, moreover, the sequence of variables v‘j
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describes the incoming request flow, and u; — service time. To determine the

relationship between the delay time Z during execution low-priority tasks and
waiting time » in equivalent single-line queuing system we use the following: if the
task are starting to be solved in the planned time interval A, then 7=z, otherwise
n=z—A-int(z/A), where int(x) — whole part of an expression X. Therefore,

P{z >t =P 7>t =1—F(t—A-int(t/A)) =1—W (t— A-int(t/A)), where  F(U)_
waiting time distribution function for equivalent queuing system, andW(t) —

distribution function of delay time Z for low-priority tasks.

Approximating the input stream and the flow service distributions belonging
to the family general distributions Erlang. Transformations Laplace — Stiltjes from
their distribution functions look like this:

n;

f(s)= HZ ” Zaijzl, (4.23)

i=1 j—l j=1
they are the ratio of two polynomials. Exponential, hyperexponential and Erlang
distributions are special cases of distribution (4.23). Any distribution of the
duration of intervals between adjacent events can be approximated with any
accuracy by the general Erlang distribution [21], it is only necessary select the

appropriate parameters a;, 4,;, n;,k. It is desirable that the values n; and k were

small.

Consider a single-line queueing system with waiting, which models the
service process low-priority tasks, the incoming flow of requests and the service
time and for which the generalized Erlang distributions with Laplace-Stiehljes
transforms of the distribution functions are given, respectively:

a(s)zﬁ'ziaig—ﬂ"gs, Ya =1 i=12..k, (4.24)

i=1 g=1 ig

B(s) = HZ bl‘*“lq zbm—l j=12.. (4.25)

i=l o=l M iq

Expression for average intensity of service requests low-priority tasks A is
calculated as follows:

1 =—a'(0)" :{zzj—} , (4.26)

=1 g=1 ig
and the expression for the average intensity of the service process is low-priority
tasks 1 will be like this:
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- (0)" = {ZZ “ } (4.27)

i=1 q_l iq

If 2> A, then for the steady state of the system there exists a waiting time
distribution function W(t), for which we will again use the Lindley integral
equation method (4.11). The corresponding factorization equation looks like this:

7(5) =) — () B(5) -1=0

K_(s)
or
o(s) = T3 2t .15 2ete 1 g
_lg—ll +S J_1q1,qu+S
Note that the function
| (,uj, + S)
qulujq .
n 45
-]t PO (4.28)

. H(,U,-q + S) Q)

Is the ratio of two polynomials, and the degree of the numerator is less than the
degree of the denominator. Then we can write [17]

Q)
Q(O)ir;[[l—s]

p(s) =-

where @(S) — Laplace-Stiehljes transform of the waiting time distribution function
W(t); (=1 2,...,f)- roots of equations 7(S) =0, lying in the left half-planeRe s <0

,and f =icj.
j=1

Using (4.28), we obtain

71 = (4.29)

\_
Q

Applying the inverse Laplace Stleltjes transform from (4.29), we find W (t).

Having chosen z, =—n,, we finally obtain:
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n Cj f

H (/”jq _Zi) Zi

J:]_ g= i=1 . _Zit
f .

n o C f H(Zr_zi)
[T T2

=1
11 1= 47
The average waiting time for starting to service low-priority tasks in the
queue

WD) =1-3
i=1

L1y 1
|:lzi

t,=-¢'(0)=2,

Average number of low-priority task requests in the queue

and the total average number of requests for solving low-priority tasks in the
system is

f 1 n Cj 1
2, 2%,
LS:fq.ﬁ: 'k Th ja
ig

Based on the results conducted research, it is possible to obtain
comprehensive characteristics of the performance of low-priority tasks in real time.
Thus, the analysis of the functioning of the process of solving MIS tasks in
real time on the basis of the studied G/G/1 type queuing system makes it possible to
plan the procedure for their functioning and evaluate the more important
characteristics of the functioning of the entire information and management system.

4.3 Probabilistic analysis and selection of I/O processor parameters for control
computers

The use of computers in control systems for various objects implies the need
to solve the problems of rational exchange of information between the computer
and the control object. As already noted, "output and, especially, input of
information is the most vulnerable component of modern computers” [22]. This is
especially true for control computers of non-stationary objects due to strict
restrictions on dimensions, weight, and power consumption. Progress in
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microelectronics, the creation of microprocessors made it possible to implement the
input-output device of the control computer in the form of an autonomous unit — an
input-output processor, which exchanges information in parallel with the operation
of the central processor (here in after referred to as the CPU).

The design of an input-output processor for control computers of non-
stationary objects has certain features compared to the design of information
exchange systems for universal computers. This is, first of all, the creation of
algorithms and programs for information exchange, taking into account the
specifics of external subscribers of the control system, the selection of a rational
structure and parameters of the input-output processor.

One of the basic modes of operation of the 1/O processor is the exchange of
word arrays between the random access memory (RAM) of the CPU and the
control system subscribers. Since the CPU usually exchanges word arrays of
random size with different subscribers, the processing time of one request by the
I/0 processor is random. The time between the receipt of individual requests for
exchange is also random. Thus, the 1/O processor operates in the queueing system
mode.

To simplify the analysis, we will assume that the information transfer
process occurs in one direction — from the CPU to the control system subscribers
and the source of exchange requests is the central processor.

The process of transferring one word from the CPU RAM to the control
system subscriber occurs in two stages: first, this word is transferred from the CPU
RAM to one of the 1/O processor registers in parallel code, and then to the
interface, with a breakdown into bytes or bits of information depending on the type
of communication line.

Thus, if one word is transferred from the CPU RAM to the 1/O processor in
time 7, then this same word is transferred from the 1/0O processor to the control
system subscriber in time kz, where k can vary from 1 to m — the bit size of the
parallel word.

Taking into account the above, to simplify the analysis of the operation of
the input-output processor, it is formally considered that the process of transferring
an array of words of size N from the CPU RAM to the control system subscriber
consists of two stages: transferring this array from the CPU RAM to the input-
output processor in time Nz and transferring the array of words from the input-
output processor to the control system subscriber in time kNz.

We assume that the flow of exchange requests coming from the central
processor to the I/O processor follows an exponential distribution with parameter A;
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the size of the word arrays exchanged between the CPU and the subscriber of the
control system also follows an exponential distribution with mean value m. The
average intensity of request processing when receiving information into the 1/0
processor from the CPU RAM is x=1/mz, and during issuance — s, = /K. Let

us consider a number of schemes for organizing an input-output processor with
respect to these assumptions.

Scheme 1. The central processor initiates the exchange of an array of words,
the input-output processor sequentially, word by word, transmits this array to the
subscriber control system. Until the exchange is completed, the CPU cannot initiate
a new request for exchange.

The graph of states and transitions of the specified exchange module scheme
is shown in Figure 4.4, a, where [0] is the state when the module is idle, [10] is the
state when the input-output processor receives an array of words from the CPU's
RAM, and [01] is the state when the input-output processor transmits the next array
of words to the subscriber of the control system.

(0] 2 B UV S )
MK
MK 4 MIN
Y
a 1] (a1 . A (1]
[0] » [!{?1 1] [12]
M
MK NS I AV N
\

o] mk 3 sk (03] MK
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Figure 4.4 — State and transition graphs for 1/O processor construction schemes

Let us determine the characteristics of the functioning of an input-output
processor built according to this scheme, by compiling a system of equations for
the probabilities of states according to this graph of states and transitions:

— APy + u1k py; =0,
— MPyo + APy =0, (4.30)
Po + Por + Pro =1.
Solving the system, we get the following:
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— probability of 1/O processor downtime -— pozL where

k+(1+K)p

p= & loading the input-output processor with the information output process;
U

~ bandwidth g = 2=Po _ A
1,k k+(@+k)p
Moo
— probability of CPU RAM blocking —-R, =1-p, = _(@+k)p

k+(1+k)p

Scheme 2. A buffer memory device (here in after referred to as BMD) is
introduced into the input-output processor, with the dimension of the maximum
possible word array. The process of transferring the word array is changed
compared to scheme 1, namely: first, the transmitted array is written to the BMD,
and then it is transferred to the subscriber of the control system. The state and
transition graph for this scheme is the same as for scheme 2. A feature of this
scheme is the reduction of the probability of blocking the CPU RAM, namely:
—,0 .
kK+@Q+Kk)p

The blocking time of scheme 2 of the exchange module organization,
compared to scheme 1, decreases the more the time of transferring one word from
the 1/O processor to the subscriber of the control system is longer compared to the
time of transfer from the CPU RAM to the /O processor.

Scheme 3. The module has a BMZ that contains an array of information
about one request. The processor can generate a new exchange request when the
exchange module transmits the next array of words to the subscriber of the control
system. The graph of states and transitions for such a variant of the input-output
processor is shown in Figure 4.4, b: [11] — state when the input-output processor
transmits an array of words to the subscriber, and the processor issues a new
exchange request.

The system of equations for the state probabilities for this graph is as
follows:

Rz = P =

—Ap, + nlk p,, =0,
—up, +Ap, +ulk p, =0,
—(A+ulK)py + 10, =0,
Py + P+ Py + Py =1.
Its solution looks like this:

(4.31)
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_ K 0. = kp 0. = plL+ p)
k+ @1+ p)A+Kk)p " k+@A+p)A+K)p " Kk+@+p)L+K)p]

kK+(+p)+k)p 7 u

Po

Py

The basic characteristics of the 1/0 processor will be as follows:

_ probability of CPU RAM blocking R, = p,, + p,, = 2L+ K]

k+(@1+p)L+Kk)p’
~ bandwidth g = = Po __ AKU+P)]
1. Kk k+@+p)a+k)p
Y
Let's compare the bandwidth of scheme 3 of the 1/O processor organization
with scheme 2: Aq,,=0q,—0Q,= K Dependency

[k + 1+ K) o]k + 1+ p)(L+K) p]
graph &;, =A;,/0,-100% in the case of fixed A is shown in Figure 4.5, a.

P | BT ST SR |
4 95 /p
C

Figure 4.5 — Relative percentage gain of 1/O processor design schemes

As is clear from the graph, the function &5, has a maximum at the point p.,
which can be determined from the equation 65, =0.

Thus, in the case of a fixed value of A, scheme 3 of the organization of the
I/O processor in the neighbourhood p. in terms of throughput, it is much higher
than schemes 1 and 2 of the exchange organization. At the same time, in the range
of small and large values of p, scheme 3 of the 1/O processor organization has
practically no advantages compared to schemes 1 and 2.
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Scheme 4. A feature of this scheme of organization of the input-output
processor is the algorithm of receiving information arrays and issuing them to the
subscribers of the control system. The information array is first received from the
CPU RAM to the 1/O processor BZP, after which this array is issued from the 1/0
processor BZU to the subscriber of the SU with the appropriate breakdown of
words into bytes or bits of information. If at the time of transmission of the next
information array from the 1/O processor BZP to the subscriber of the SU a new
request for exchange has been received, then the information issuance process is
stopped and the exchange module begins to receive a new information array in the
BZP. After receipt, the issuance process continues.

The graph of states and transitions for such an organization scheme of the
input-output processor is shown in Figure 4.4, c: [1n] — state when there are n word
arrays in the BMZ, and the module receives a new array from the CPU RAM; [0n]
— state when there are n word arrays in the BMZ of the input-output processor and
the module issues the next array to the subscriber of the control system.

It is assumed that the volume of the BMZ is large enough and there is no
information loss. Under these assumptions, the system of equations describing the
operation of such a variant of the I/O processor in steady-state mode has the
following form:

_ﬂpo +/Ll/k p01:O’

— HP,, + ipo =0,

—(A+ plK) Py, + 4y, + /K py, =0, (4.32)
— up,, +4p,, =0, n>0,

- (ﬂ' +ﬂ/k) po,n+1 +Iupln + /U/k pO,n+2 = O’ n>0.

The condition for normalization is P, +Z Pon +Z p,, =1, the condition for

n=1 n=1
the steady-state mode of operation is the fulfillment of the condition p=kA4/ <1,
where p — loading the entire 1/O processor.
Solving the system of equations (4.32), we obtain:

_ (- p)
K+ p

1- ] 1-p
P o, p, =L p (4.33)
K+ p K+ p
: A+k)p
Average number of requests in the I/O processor — L, = ,
(k+p)1-p)
K

bandwidth —q4:k—. The bandwidth advantage of the /O processor built
TP

Py » Pon =
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according to scheme 4 compared to schemes 1, 2 and 3 is determined by the
following expressions

I AK?
Aq4,2 - q4 qz (k + p)[k 4 (1+ k),O] ’ (434)
o Ap°K?
A =% =% = 4k (L p) A k)] (4.39)

A A
Dependency graphsd,, = 34’2100% and J,,= %310096 regarding 1/0

2 3
processor usage p are presented in Figures 4.5, b and 4.5, c. It is clear from the
graphs that scheme 4 of organizing the input-output processor in the high-load area
has significant advantages in terms of throughput and significantly outweighs other
schemes of organizing the input processor.

4.4 Probabilistic modeling of the training test subdivision of device production

Control systems for non-stationary objects (cars, airplanes, ships) include a
significant number of various devices, such as information sensors, controllers and
computers. As a rule, they function in conditions of an aggressive external
environment. The temperature can vary from — 120°C to + 70°C, devices are
affected with vibration during movement, high humidity can lead to loss of
dielectric properties of materials. At the same time, high requirements are imposed
on the reliability of the operation of control systems for non-stationary objects. It is
possible to provide high reliability of such objects both at the design stage and at
the stage of production, by including training operations of devices in appropriate
conditions on special stands with subsequent monitoring for correct functioning
[23]. Thus, the simplified technological scheme of the training tests subdivision of
device production can be the same as in Figure 4.6.

Failures of devices during training operations are random. This leads to
congestion of individual technological sections and transport conveyors, reducing
the capacity and production capacity of the entire system. At the same time, as
practice shows, such production systems designed according to well-developed
methods of flow-mass production design often can not provide the required
productivity and throughput, despite the sufficient capacity of the assembly
sections. Possible irregularity of production also render a strong influence on the
performance of the system. In this regard, the traditional methods of calculation of
the flow-mass production design of devices production must be supplemented by
probabilistic methods that allow take into account various random factors affecting
the production process.
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Figure 4.6 — Technological scheme of the training tests subdivision of device
production

In a formalized presentation, each technological section of the training test
subdivision is a service system consisting of a certain number of service places
(these may be the workplaces of the regulators or the seats in the climatic test area),
the input flow of devices that act as requests for service, and the place of waiting
for requests, in whose role the intermediate buffers can be used. In the whole, the
training tests subdivision of device production can be modelling by a queuing
network, in which the assembly section is the source of requests (in this case, the
assembled devices), separate technological sections are separate service systems.

The probabilistic model of the training tests subdivision of device production
will be a queuing network with an appropriate topology. The aim of the work is to
determine, based on the queuing network, the load of each production section, the
average cycle time of control and training tests, the effect of device failures on the
general characteristics of the system.

The structure of the training tests subdivision of device production can be
represented by the network transmission graph, shown in Figure 4.7. The node Sy
corresponds to the assembly section, S; — to the tuning section, S, — to the vibration
test section, S; — to the climatic test section, S, — to the repair section. Solid arcs
correspond to the passage of devices along the technological chain without failures;
arcs marked with strokes mean the transfer of failed devices to the repair section, or
a completely defective product. p; means the probability of transferring the

devices from section i to section j. Accordingly, P, is the probability that the
device has passed the vibration test section normally and p,, is the probability that
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the device require a repair after vibration test, P, is the probability that the device
after section of climatic tests has passed all the training tests normally and ps, is

the probability that the device require a repair after climatic test, p,, — this is the
probability that the device is not subject to recovery.

Figure 4.7 — Networks transmission graph

Let us define the transition probability matrix P as consisting of elements
p;, that is

0 1 0 0 0
0 0O pp, 0 py
P=| O 0 0 Py Pl (4.36)

Py O 0 0 py
| Pp Py O 0 0 |
The peculiarity of this matrix is that the sum of the probabilities in the rows

is equal to one.
We will investigate the functioning of the system in a stationary state. Let us

denote by A the total intensity of the input flow of devices in section i in a

stationary mode, 7; — the average time of the technological operation in the i-th
section. For the existence of a stationary state, it is necessary that the inequality
p; =A7; <1 holds for each section, where p; is a load of i-th section. Then the

following system of equations for the stationary state corresponds to the graph in
Figure 4.7
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— Ao+ Pao Az + Py - A4 =0,
Ao =4 + Py - A4 =0,

P A — 4, =0, (4.37)
Pos - A, — A3 =0,
Pia A+ Pog - Ap + Pag - A3 — 44 =0.
In the matrix form, the system of equations (4.37) is written by
-1 0 0 pyxy Pyl 4] [O]
1 -1 0 0 pul |4 0
0O p, -1 O 0 || 4 0]. (4.38)
0 0 pyp -1 O A 0
10 Pu P Py —1] |4 [O]

If we add to the elements of the last row in system matrix corresponding
elements of all the remaining rows, we get a row with zero elements. Thus, the
determinant of the system matrix of the system of equations (4.38) is equal zero.
That is, the system of equations is uncertain. But if we fix the intensity of the
arrival of devices from the assembly section A,, then the system of equations

becomes definite and can be solved relatively 4,, that can be expressed as

A=aly,1=12,34. (4.39)
Let us reformat the system of equations (4.37) as follows
Pao - Ag + Pag - Au =4,
-4 + Pay - Ay = =4,
P-4 —4 =0, (4.40)
Pas - 4, -4 =0,

P+ Pou- A+ Pu-Ay  —4=0.
Reordering the corresponding rows, rewrite the system of equations (4.40) as
follows:

-1-4 + Pay - Ay =1 A,

P-4 —1-4 = 0,

P A+ Po-A+Pay- A —1-44= 0, (4.41)
Pos - Ao —1-4; = 0,

P30 - Az + Pao - A= 1-Ap.
The solution of the system of linear algebraic equations (4.41) is expediently
sought by the Gauss method in a matrix form, which makes it possible to

133



simultaneously test the system for solvability. We write the extended matrix system
(6) in augmented matrix form (only coefficients for unknowns) as follows

-1
P12

P14
0

0

0
-1
P24

P23
0

0
0

P34
-1

P30

Pa1
0

-1
0
Pao

-1

O O O

Let us realize the direct move of the Gauss method. To do this, multiply all
the elements of the first row by p,, and add them to the corresponding elements of

the second row. After that, multiply all elements of the first row by p,, and add

them to the corresponding elements of the third row. These operations are formally

written as follows.

(=10 +1-TTy, =101 +1-py, |
As a result, we get
-1 0 0 Pas -1
0 -1 0 ParPr2 |— Pr2
O P Pa ParPus—1 puy
0 py -1 0 0
0 0 pg Pao 1
Next, we perform the following operations
=1+ py, V=IV 1 pyg |
As a result, we get
-1 0 O P41 -1
0 -1 0 P41 Pr2 — Pr2
O O Pa ParPis+ PaProPos —1— Prg — P2 Pos
0 0 -1 P41 P12 P23 ~ P12 P23
0 0 pg Pao 1

Perform the following operation: {V :=V +11I }

As a result, we get
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-1 0 0 Pas -1

0 -1 0 Pa1 P12 — P2
0 O P34 Ps1P1g + ParPi2Pos =1 | — Py — P12 P2y
0 O -1 Pa1 P12 P23 — P2 P2

O O P+ P Pag+ ParPra+ ParProPos —11— Prs — ProPos
Above the elements of the fifth row perform the following transformations:

P + Pas =1

Pao + ParPrg + Pay ProPos —1=—~(— Pag )+ Pag Prg + Pa Pro Pos =

= —Pug + Par Pra + ParPr2 Poy = —Pay (L= Prg )+ ParPrp Py =

= — P4y Pro + Pag ProP2g =—Pas Pro (L= Pog ) =—Pay Pro Pas

1-Pis = Pi2Pos =@ = Prg) = PraPas = Pro — ProPas =

= Pio (1= P2q )= Pro Ps-
As a result, we get

1.0 0 Pas -1
0 -1 0 P41 P12 ~ P
O 0 P3g ParPrg+ PaaPi2P2s —1— Prg — P12 Pas - (4.42)
0 0 -1 P41 P12 P23 ~ P2 P23
0 0 1 ~ P41 P12 P23 P12 P23

The fourth and fifth rows of the system (4.42) are equivalent. Throw away
the fifth row and swap the third and fourth rows. We get

-1 0 O P4y -1
0 -1 0 P41 P12 — P2
0 0 -1 P41 P12 P2s ~ P12 P2
0 0 Psy ParPus+ ParPr2aPos == Pra — ProPos

Using the third row, let us perform the following conversion:
{IV=IV+Ul-py |

We get
10 0 Dur 1
0 -1 0 P41 P12 — P2
0 0 -1 P41 P12 P23 ~ P12 P23
O O O PuPist ParPioPas + Pas Pro Poz Pas =L — Prs — P12 P2s — Pr2 P23 Pas

From the last row follows:

2 = Pis + P12 P2g + P12 P23 Pay 2.
1—P41P1s — Pa1 P12 Pog — Pay P12 P23 Pay
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Accordingly, from the third row we get:

A3 = ProPoz - Ag + Pag Pro Pz e,
from the second row we get

A3 = PraPoz Ay + Py Pro Pz ly
and from the first row we get
A=A+ Pa Ay
So

_ P1a + P12 P2s + P12 P23 P3s
1— Py1P1s = Paz P12 P2s — ParPro P23 Pag
Ay =Py + Py Pra@ys 4 =1+ pyay.

Ay 103 = P12 Pz + Pag P12 Pasy

(4.43)

The most important indicators of production will be the intensity of devices
that have completely passed the training tests A, and the intensity of completely
defective devices A, . From the network transmission graph follows:

Aout = A3 P30+ Atait = AaPao - (4.44)
Important characteristic of the production process is the average time of the
devices passing through the training and control operations — T. It, in turn, depends
on the average time spent by devices (customers in terms of queuing theory) in
4
each section t;,i=12,3,4. Then T = > ot; [20].
i=1
The execution time of a production operation in the i-th section is constant —
7;. Therefore, a queuing system of the type M/D/1 can be chosen as a model of

production section. Then t; :L+i [17]. After transformations
20-p) 4
L= A +LZL+Q :{ Gis +1:|Z'i and
20-p) w 20-47) 2(1- o A977)
4
T_Z{ %s +lj|Z'i0(i. (4.45)
| 21— i 4y7y)

By using obtained expressions the performance of the training test sections
can be reasonably chosen.

Example. Let the transition probability matrix P of the network have the
form:
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0 1 0 0 0]
0O 0 08 0 02
P=0 0 0 09 01

07 0 0 0 03
03 07 0 0 0

Using the expressions (4.43), we get:

A =15344, A4, =1234,, 1, =1104,,4, =0,764,.
Accordingly A, =0,774,, Ay =0,764,

Thus, the received expressions allow to estimate loading of each
technological section and to choose its productivity.

On the Figure 4.8 depicted the family of curves A, as a function of the
probability of a complete failure of the device p,, for different values of the

probability of failures in the vibration test section — p,,.

v

067 005 o1 015 02 025 03 o

Figure 4.8 — Related intensity of devices that have completely passed the training
tests

The dependencies are almost linear, and each section contributes to the
decrease in the performance of the entire system of training operations.

4.5 A queuing system with a finite number of sources as a model of a flexible
manufacturing system
Small-scale and medium-scale production is most effectively implemented in
the form of flexible manufacturing system (FMS). FMS are complex dynamic
systems, the creation of which requires large investments. Therefore, in order to
achieve their high efficiency and quick payback, it is necessary to ensure a high
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utilization rate of the main production equipment, high quality of manufactured
products. This imposes serious requirements on the design of the FMS, during
which it is necessary to solve many technical and organizational problems, take
Into account a large number of factors. One of the most important and obligatory
stages in the design of the FMS is modeling, which allows you to simulate the
practical testing of the system, and the design process itself is combined with
scientific research on the corresponding models. An important place in modeling
the FMS, taking into account the stochastic nature of their functioning, belongs to
queuing systems [24].

One of the types of FMS is a flexible automated cite, which is a set of
computer numerical control machine (CNCm) units from 3 to 10 CNC machines,
robots and means of equipping them combined with an automated control system
and a transport system, which provides for the possibility of changing the sequence
of using technological equipment. In this type of FMS the CNCm, having
completed processing a part, sends a request to the transport system. In response to
this request, the transport robot performs several work cycles. This is especially
evident when transporting blanks and parts on pallets, where different pallets are
used for blanks and parts, and for each request from the machine, the transport
robot performs several cycles.

Let 21— the intensity of requests from CNCm, the number of which is equal to
n, =— the average processing time of one cycle. Then x=1/7 - intensity of service
of one cycle, M = u/c — intensity of service of the whole requests from CNCm.
Assuming Poisson event flows, we will develop and study a mathematical model of
this FMS, which will be a single-line queuing system with a finite number of
request sources and multi-stage servicing of each request. We will carry out
research for a stationary state. The mathematical apparatus of the developed model
is based on the results of the work [**], in the implementation of which the author
took an active part.

Denote by g, = p, the probability of idle of transport robot; p;,1<i<n,-

the probability that i CNCm sent requests on service(one of them is serviced by a
transport robot, and the rest are waiting for service); @;,1<i<n,1<j<c,— the

probability that the i CNCm have sent service requests and the transport module is
working out the j-th cycle.
Similarly to [18], we denote by g;(u)du the probability of the joint

occurrence of two events: 1) at an arbitrary moment of the equilibrium state of the
machines, i requests for service were sent, the transport module completes the j-th
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service cycle, 2) the time during which the current service cycle continues is
contained in the interval [u, U+du]. q;(u) are stationary probability densities of

the fact that at an arbitrary moment of the equilibrium state of the machines sent
requests for service, the transport module fulfills the j-th service cycle, the time
during which this service cycle continues is equal to u (it is assumed that this value
IS continuous).
The quantities under consideration are interconnected by the following
relationships:
Qi = quj (u)du, P = leqU" Po +Zl: Pi =0Q, +lezlqij =1. (4.46)
0 j= i= i=l j=
Considering the possible states of the system in an arbitrarily small time
interval with subsequent passage to the limit, we obtain the following system of
equations for :
o (W) =—{A0 -1) + gy (u), 1< j<c,
qi"j (u) =—fA(n=1)+ g]q; ; (U) + A(h—T1+D)qg;; ;(U), 1<i<n, 1< j<c, (4.47)

On,j(U) =, ;(U)+ A0, 4 (U), 1< j<c.
The probabilities of states for the case when the time during which the

service continues is not taken into account are ¢, and q; = jqij (u)du. The sum of
0

these probabilities is equal to one. The boundary conditions have the form:

NAd = [ e (U)du = st . (4.48)
0
Similarly
011(0) = 1, . + N0, (4.49)
qi,l(o) = ,qu+1,c’ 1< I < n, qnl(o) = O (450)
0 ;(0) =4 j4,1<i<n,1<j<c, (4.51)

To solve systems of equations (4.47) — (4.51), we use the method of discrete
binomial transformations [15], which, along with generating functions, are used to
reduce differential-difference equations to simpler ones.

Let us introduce discrete transformations:
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Wm,j(u) Z( jqn Ij(u) ij(o) Z( jqn i,j )

(4.52)

n—-1

Wi, j :_[Wm,j(u)du :Z(rlnlqn_i’j’ 0<m<n-1, 1< j<c,
0

i=m
[ i!
where are =——— hinomial coefficients equal to zero at i <m.
m) (i—m)im!

Let us multiply all the terms of the equations of system (4.47) with respect to
d ; (U), j=1cby (no_ll’ the equations of system (4.47) with respect to

q;,j W), j =1c by [no_ 2}, the equations with respect to q,’(,j(u), k=34,..,n, ] =1c,

n—k : . : .. .
by ( 0 j and summing the resulting expressions, taking into account expression

(4.52), we obtain
Wo,j(U) =—0- A+ u]wg ;(u), 1< j<c . (4.53)

For m=12,...,n—1 we will do the following: multiply all the terms of the

equations of system (4.47) with respect to ¢ ;(u), ] =1,c by ( . j the equations

_ n-2
with respect to ¢ ;(u), j=1c by ( m j all the terms of the equations with

respect to g ;(u), k=34,...n—1, j=1c by (nm

expressions, taking into account expression (8), we obtain the general expression

j and summing the resulting

mj(U)=—mA+ulw, ;(u),0<m<n-11<j<c. (4.54)

In the same way, from formulas (6) we find

Wy i (0) =g, 4, 0sm<n-11<j<c. (4.55)
Let's derive an expression for w;;(0).
Equation (4.48) can be rewritten as follows:

0= 10, —nAp,. (4.56)
We write equations (4.50), (4.51) and (4.56) as follows:
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qn,l(o) = 01

On-12(0) = 4y c,

qn-z,l(o) = Mg ¢

(4.57)

Q2,1(O) = 10;
qu(O) = ﬂ%,c + nﬂqm
0= MGy — nﬂqo-
Let us multiply both parts of the i-th equation of system (4.57), 1=12,...,n
by (' glj, and the last equation of system (4.57) by (no_lj'

qn,l (O) = 0!

1
qn—l,l (0) = Loj/uqnc )

qn—2,1 (O) = [gjﬂqnl,c !

A 2\Jq2,1 (0) = (n ~ Zjluq?;,c ! (458)

Taking into account that (:)}:1, for the right parts of the equations of

-1 -2
system (4.58) we make the substitution ('0 j—)(l 0 j (except for the last

equation), and sum the left and right parts of the equations of system (4.58). Using
discrete binomial transformations, we obtain

Wo, (0) = /Mo . (4.59)
For further research, we need the following lemma.
Lemma. By definition
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n :L,mSn.Thenforlsm<n (-l + n-1}
m) (n—m)im! m m m-1

Proof.
n-1 N n-1)  (n-1! N (n=1)! B
m m-1) mi(n-1-m)! (m-D!(n-1—(m-1)!
(n=D!(n—m) N (n=DIm _(n—1)!(n—m)+ (n=1Im _

T mi(n-m)(n-m-1)! mm-D!(n-1-(m-1)! m(n-m)!  mi(n—m)!
_(=-D(n-m+m) (n-DIn _ n! (N
 mi(n-m)!  mi(h—m)! mi(n—m)! _[m}
The lemma is proven.
Let's derive an expression for w,,(0), 0<m<n.

Let us write equations (4.49), (4.50) included w;,,(0)in the system of
equations

qn—m,l(o) = /uqn—m+1,c’
qn—m—l,l(o) = /uqn—m,c’

O = ’
qn—m—z,l( ) :uqn—m—l,c (460)
qz,l(o) = /uq3,c1
ql,l(o) = :uqz,c + ﬂ“nqo'

Let us multiply the k-th equation of system (4.60) k=12,...n—m by [m K _1)
m
. We get the following system of equations:

m m

qun—m,l(o) = (mjluqn—mﬂ,c’

m+1 m+1
n m— 11(0) [ m ]:uqn—m,c’

m+2 m+2
an m-— 21(0) ( ):uqn—m—l,c’ (461)

('
ot

3

3
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: -1
Using the fact that [2]:(2 J and Lemma 1, system (4.61) can be

rewritten
m (0) = m-1
m qn—m,l - m _1 :uqn—m+1,c ’

m+1 m
qn m—ll(o) /’lqn—m,c + m—l /uqn—m,c’

m+2 (0) = m+1 N m+1
m qnfmfz,l - m luqnfmfl,c m _1 ﬂqnfmfl,c '

(n—zjq ) :(n—B}uq . (n—3 jﬂq

m 21 m 3,c m—l 3,c?

o0t 2o T
m )" m © \m=1) m )"

Let's multiply both parts of equation (4.56) by [ j and add as (n+1)-th

(4.62)

equation to the system of equations (4.62), after that we'll multiply both parts of

equation (4.56) by (;_11] and add to the same equation. We get the following

system of equations:

m m-1
mjqn—m,l (0) = (m _:J/lqn—mﬂ,c’
m+1 m m

m an—m—l,l(o) :(m}uqn m,c +( ]/uqn—m,c’
m+ 2 m+ m+1

m ]qn—m—z,l(o) ( m j/uqn m-1,¢c (m . j/uqn—m—l,c’
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Summing up the left and right parts of all equations of system (4.63), we
finally obtain:

n-1
W, 1(0) = ,u(Wm,C + Wm-l,c)—ﬂn(m 1qu, O<m<n. (4.64)

From the system of equations (4.54) it follows

W, ; (U) =w, ; (0)exp[-(mA+)u],0<m<n, 1< j<c.

Whence

W= Wm'j(o),OSm<n,1sjsc. (4.65)
+u

m, j

W, ; (U)du =

O =33

Substituting expression (4.65) into expression (10), after appropriate
transformations, we obtain

Wy, ;(0) =w,,.(0)-L+mp)*, 0<m<n, 1< j<c, (4.66)
where p=1/u.
Substituting expression (4.66) into equation (4.64), we find

W, (0) = [+ mp)° —1]w,, . (0) + Am(L+ mp)[;jqo, O<m<n.  (4.67)

Denote by R(m, p)and G(m, p)the following expressions:

R(M, p) = (L+Mp)° —1, G(m, p) = Am(1+ mp)(r:j. (4.68)

Expression (4.67) will be rewritten:
Wi_1¢(0) =R(m, p)w;, . (0) + G(m, p)gp, O<m<n. (4.69)

Using the recurrent properties of expression (4.69), we obtain

W (0) = [TRG. oW, 1.(0) +

i=k+1

L j , (4.70)
+|Gk+1,0) + (-6, ,,) D, G(i+Lp)- [[RE p) |- dp.0<k<n-2,
j=k+1 e=k+1
1 j=i, . _ :
where & ; :{ .. Isthe Dirac function.
’ 0, =1
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Let's use the fact that w,_,.(0) =[(n-DA+ pxw, ;. = g1+ (N-D)plW,_; .
(from (4.65 ) and w, .. =npq,=nA/M, (from (4.52) and (4.48) ); then

W, .(0)=An[1+(n-1)plg, and we rewrite the expression for W, (0) in the
form

1+ (-] [TRG, o)+

i=m+1

Wi (0) =4 . ; g, 0<m<n-2. (4.71)
{G(mu,p) +(L=8¢nz) 2. Gli+Lp) HR(e,p)}
j=m+1 e=m+1
Denoting
n-1
nfL+(n-1)p] [TRG. p)+

i=m+1

G(m+1,p)+ (-6 p2) nf, G(i+1p)- ]l[R(e,p)

j=m+1 e=m+1

Q(m, p) = {

}aOSmSn—Z

and using expression (4.66), we finally get:
W, ;(0) = AL+ mp) ' Q(m, p)g,, 0sm<n-1, 1< j<c.
W, 1 ;(0) = An[l+(n-1pl'q,, 1< j<c, (4.72)
Using (4.65), we form an expression for discrete transformations of w, ; with
respect to g,

W, ; = p(L+mp) 2Q(m, p)gy, 1< j<c,0<m<n-1, @73
W, 1 j =Npll+(n-1)p]) g, 1< j<c

Using the inverse discrete transformation [15] with respect to W, ; , we

obtain expressions for the probabilities of states g, expressed through g, =p, :
0y j =nell+(n—p)) o, 1< j<c,

= n—i+k _ . _
qi,,-{zzp(—l)k( ‘ j[l+(n—|+k)p]1 2Q(m—l,k)p]qo, (4.74)
k=0m=0
l<i<n/1<j<c.
Using the normalization condition as applied to the probabilities ¢ ;

n ¢
(qo + qui,j =1), we obtain an expression for the downtime probability q, :
i=1 j=1
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Ao = {1+ ch:n[l+ (n-p)]" ™+
-1

_ L. (475
> p(—l)k(”‘k”kj[u(n—i+k)p]iZﬂ(m—i,k)}}

n

i=2 k=0m=0
Using expressions (4.74), (4.75) and the transition formula (4.46), we can

obtain the final expression for the stationary probabilities p, .

i-1 n-1
+

Now, knowing the probabilities Q; or p;, it is possible to determine other

characteristics of a system with a finite number of sources and a group arrival of
service requests.
Average number of requests on service from CNCm in the system

L= _nzclint((i—l)/c) D :iiiqij , (4.76)

i=1 j=1
where int(a) is the integer part of the expression in brackets.
Average number of requests from CNCm waiting to be serviced,

nc

Ly = 2. -2/ 0)-1Jp, :Zn:i(i —Day - (4.77)

i=1 i=1 j=1

The average number of CNCm that did not send requests: v=n—L.

The average number of requests from CNCm in the queue and in service L is
proportional to the average waiting time in the queue and in service (time in
system — ), and the average number of sources that did not send requests is
proportional to the average time the request was in the source 1/A. Thus, the
average waiting time for service plus service time is given by

r,=L[A(n-L)[*. (4.78)
Using the obtained expressions, it is possible to find the main technical
characteristics of the studied FMS.
Transport robot load factor
Z=1-q,. (4.79)
The cycle of work CNCm T consists of the processing time of the next part
1/A, after which a request to the transport robot is formed, and the time in system

r, , thatis, T =1/ A+ 7, . Then the utilization rate of CNCm:

1 1 L
u-tA__ 14 1= (4.80)




In addition, the average number of idle machines, the average downtime are
determined by expressions (4.76), (4.77).
On Figure 4.9 shows a graph of the dependence of the utilization rate of CNCm on
the number of machines in the system and the required number of cycles per
request with the following input data: average processing time for one part on a
CNCm machinel/ A =40min, time for a transport robot to complete one cycle
=5 min.
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Figure 4.9 — Utilization rate of CNCm Figure 4.10 — Load factor of a
transport robot

It follows from the graphs that with an increase in the number of cycles, the
utilization rate of CNCm machines drops sharply. On Figure 4.10 shows a graph of
the dependence of the load factor of a transport robot on the number of machines in
the system and the required number of cycles per request with the same parameters.
From the analysis of the graphs, it follows that for the given parameters, the
number of service cycles for one request from CNC machines should not exceed
two. With these parameters, the technical characteristics of the FMS remain
acceptable.
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5 SIMULATION MODELING OF QUEUEING SYSTEMS

5.1 Example and basic concepts of simulation modelling

A network printer on a computer network functions as a classic single-line
gueue system. If we ignore the printing process itself, the operation of a network
printer is mainly determined by two time characteristics: the time between the
receipt of print requests from network computers and the time of their service.
Since both of these parameters are random, both a queue of print requests and a
simple network printer may appear during the operation of a network printer. To
simulate such systems, you can use any device that allows you to reproduce time
parameters [26]. For example, to simulate the operation of a network printer, you
can use two urns, inside which there are chips with numbers on them. The numbers
on the chips in the first urn will reproduce (simulate) the time intervals between the
receipt of two consecutive print requests, the numbers on the chips in the second
urn will reproduce the time of their service. For the purpose of simplification, we
will consider all times to be integers, the network printer serves requests one at a
time. The time intervals between the receipt of consecutive print requests are in the
range from 1 to 15, i.e. the chips in the first box are marked with the numbers
1, 2, ...., 15. The service times of individual requests are in the range from 1 to
10, i.e. the chips in the second box are marked with the numbers 1, 2, 3, ...., 10. To
display the simulation results, we will use the Table 5.1.

Table 5.1 — Blank for displaying simulation results

Request
number | ¢ i
1 -
2
3

tf ty tf " td

l

n-1
n

Together (T¥,T)

The following variables will be used in the model:
o £ —time interval between the arrival of the (i-1)-th and i-th requests;
e 7, — Service time of the i-th request;
e t? —time of arrival of the i-th request;
e t’ —time of begin of servicing of the i-th request;
e t° —time of end of service of the i-th request;
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t" — waiting time for the start of service for the i-th request;

e t? —network printer downtime caused by the behavior of the i-th request.
T." — total waiting time for requests with numbers from 1 to i.

T.Y — total downtime of the network printer during maintenance and requests

The time intervals between the arrival of requests, as well as the service
times of requests, will be drawn (drawn from boxes). These numbers will be
random, and they obey a uniform distribution. The model time starts from zero. All
other variables can be calculated using the following formulas:

tf=td, +&, 8 = max{tia, tie—l}’ =t +7, ' =tP -t} t =t? -t ,,

T :Ti\ivl +tiW, Tid :Ti(il +tid

(5.1)

The variables T and T" are used to accumulate, respectively, the total

waiting time of requests in the print queue and the total idle time of the network
printer. The initial values of all these variables are as follows:
&=0,t1=0,t?=0 t"=0,t =0,T,}" =0, T =0

The simulation process will proceed in model time, which starts from zero.
The arrival time of the i-th request, the start time of the i-th request, and the end
time of the i-th request are absolute in the model time scale. Let us limit ourselves
to the simulation process of the first ten requests.

The process of simulating the operation of a network printer is as follows: for
the first request, the arrival time and the start time of service are assumed to be
zero. From the second box, its service time (7, =8) is selected, it is entered in the

third column, the service end time on the time scale will be 8, the waiting time and
idle time are zero. Thus, the first row of the table is filled (Table 5.2).

Table 5.2 — Table state after the first request arrives

Request

number | i i t tf t; t;' tf
1 - 8 0 0 8 0 0
2
3
n-1
n
Together (T, T) 0 0
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For the second request, the table row is filled in as follows: the time interval
between the arrival of the first and second requests (3) and the time of its service
(6) are selected from the urns, respectively. They are entered into the corresponding
columns. The time of arrival of the second request is 3. The time of the start of its
service is 8, since the previous request finished its service at a time equal to 8. The
time of the end of its service is 14 (8 + 6). The service waiting time is 5 (8 — 3), the

network printer was working, the idle time is zero (t¢ = 0).Thus, the second row
of the table is filled (Table 5.3).
Table 5.3 — Table state after the second request arrives

Request w
nuﬂﬂber Si | M tj t} t; ti tf
1 - 8 0 0 8 0 0
2 3 6 3+0=3 8 8+6=14 | 8-3=5 0
3
n-1
n
Together (T, T) 5 0

For the third request, the table row is filled in as follows: the time interval
between the arrival of the second and third requests (12) and the time of its service
(1) are selected from the urns, respectively. They are entered in the corresponding
columns. The time of arrival of the third request is 15, since the previous request
arrived at 3, and the next one after 12 minutes. The time of the start of its service is
15, because the previous request left the system at a time equal to 14. The time of
the end of its service is 16 (15 +1). The waiting time for the start of service is 0, but
the printer was idle from time 14 to 15. The idle time of the network printer is one
(Table 5.4).

Table 5.4 — Table state after the third request arrives

Request
nu%ber Si | M ti ty t; t tf
1 -~ [ 8 0 0 8 0 0
2 3 | 6 | 3+0=3 8 8+6=14 | 835 | 0
3 12 | 1 |3+12=15) MU} 1510216 | 15.1520 | 15-14=1
n-1
n
Together (T,", T¢) 5 1

150



For the fourth request, the table row is filled in as follows: the time interval
between the arrival of the third and fourth requests (10) and the time of its service
(9) are selected from the urns, respectively. They are entered in the corresponding
columns. The time of arrival of the fourth request is 25 because the previous
request arrived at 15, and the next one after 10 minutes. The time of the start of its
service is 25, because the previous request left the system at a time equal to 16. The
time of the end of its service is 34 (25 +9). The waiting time for the start of service
Is 0, but the printer was idle from time 14 to 25. The idle time of the network
printer is 9 (Table 5.5)..

Table 5.5 — Table state after the fourth request arrives

Request

number | Si | M tj ty t; t;' tf
1 i 8 0 0 8 0 0
2 3 6 | 3+0=3 8 8+6=14 | 8-3=5 0
3 12 | 1 |3+12=15| Mx1415} 15y 16| 15-15=0 | 15-14=1

=15
max {25,16} | 2549 =
=25 34

4 10 9 |15+10=25 25-25=0 | 25-16=9

n-1
n

Together (T¥,T.9) 5 10

Thus, the remaining rows of the table are filled in and the totals are
calculated for the waiting time of all print requests and the downtime of the
network printer serviced for the time of servicing all 10 requests (Table 5.6).

Table 5.6 — Table state after the tenth request arrives

ES ?nube;: $i M ti ty t; i tf
1 - 8 0 0 8 0 0
2 3 6 3 8 14 5 0
3 12 1 15 15 16 0 1
4 10 9 25 25 34 0 9
5 2 7 27 34 41 7 0
6 13 7 40 41 48 1 0
7 11 2 5l 5l 53 0 3
8 2 6 53 53 59 0 0
9 5 3 58 59 62 1 0
10 13 7 71 71 78 0 9

Together (T,5, T,5) 14 22

151



The final stage of simulating the printer's operation will be calculating the
final characteristics of its operation. The average waiting time for a request to start
service can be determined by dividing the total waiting time of all requests by their

total number: t, =T, /10=14/10=14.

The network printer load factor Z can be determined by subtracting the total
idle time of the network printer from the time the last request was serviced,
dividing the difference by the time the last request was serviced, and multiplying
the result by 100%. That is:

e Td _

7 _to—Tyg .100%:78 22

w e

-100% =71,79%
Lo

After analysing the procedures carried out above, the following conclusions
can be drawn:

1. The completed Table 5.6 is truly a model of the network printer's
operation, as it reproduces its operation over time, and the process of filling in
Table 5,6 and calculating the final indicators is a simulation.

2. The simulation results can be trusted with a certain degree of caution,
since the resulting model directly reproduces the process of network printer
operation in time.

3. The simulation results are approximate, since the choice of time
parameters is not clearly defined, instead of continuous time intervals, discrete ones
are used, the intensity of the print request flow varies over time, and a limited
sample is selected for summarization. As a result, the performance indicators of the
network printer t, and Z, are random, and will vary from implementation to

implementation.
4. The simulation results do not depend on the method of obtaining random
variables &, n; and the speed of their obtaining, but depend on the number of

requests served and the characteristics of these random variables/

The above example shows a characteristic feature of simulation modeling: to
obtain the necessary information, it is necessary to "run" the simulation model, and
not to solve it. Simulation models are not able to form their own solution in the
form that occurs in analytical models, that is, in the form of dependencies, systems
of equations.

We can give the following definition of simulation modelling. Simulation
modelling refers to the process of directly reproducing the behaviour of the
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modelled system by any means with artificial imitation of the quantities on which
the behaviour of the system depends.

From the last property of the above example it follows that for simulation
modelling can use the most universal programmable means of performing
mathematical and logical calculations invented by mankind — a computer. In the
modern interpretation, the reproduction of a system modelled on a computer with
artificial imitation of the quantities on which the behaviour of the system depends
is called simulation modelling. And the corresponding program is called a
simulation model. In general, there are many definitions of simulation modelling,
which can be found in the works [26, 27].

The algorithm diagram that simulates the operation of a network printer can
be as shown in Figure 5.1.

o

entering initial values

>

i:=i+1 »‘

calculation of final
indicators

ation £
generation &, /17

: output of results
calculation of current

values ff_,ff,ff,... \_/‘/_
< end >

Figure 5.1 — Scheme of the algorithm of the simulation model
of a network printer
As you can see from the above scheme, the simulation time is limited by the
value t: The results are presented as one value for each indicator. If it is

given®
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necessary to analyze the operation of a network printer with variable parameters of
either the incoming flow of requests or the service time, then one or two external
loops will be added to the algorithm that change the settings of the random number
generators. Also, the procedure for processing the final indicators and presenting
them to researchers will be significantly complicated.

Using Figure 5.1, you can create a simulation model program in one of the
programming systems (C++, Python) and run numerical experiments on it. In
principle, simulation models can be developed in any general-purpose
programming language. However, this is a very labor-intensive process. Therefore,
specialized simulation modeling systems such as AnyLogic, Arena, and
MATLAB/Simulink are used to develop simulation models of complex systems.

5.2 Random Number Generation

The quality of a simulation model largely depends on the random numbers
with the appropriate distribution laws used in it. The procedure for obtaining
random numbers with a given distribution law is called generation, and the program
itself for obtaining random numbers with a given distribution law is called a
random number generator. As a rule, a random number generator produces so-
called pseudorandom numbers with a very large repetition period.

Generating random numbers programmatically is usually done in two stages.

1. Obtaining random numbers z, uniformly distributed in the range (0, 1).

2. Converting these numbers into random numbers with a given distribution
law — & =D(7).

2.1. Obtaining random numbers with a uniform distribution law in the range
(a,b): £=(b-a)r+a.

2.2. Obtaining random numbers distributed according to the exponential law
with the parameter A is performed by the inverse transformation method. According
to this method, if a is a random variable uniformly distributed on the interval [0, 1],

then the quantity ¢ =F *(a) will have a distribution with the distribution function
F(&). Let us equate the distribution function to the uniformly distributed quantity
a: 1—exp(—AE) =a. Let us express ¢ in terms of a: exp(—A¢) =1—«a. Hence
— A =I(1-a), £=-1/1-In(1-«). Since the quantity o is uniformly distributed
on the interval [0, 1], then the quantity r=1-« is also uniformly distributed on

the same interval (0, 1). Hence we obtain the final working formula:
E==1/1-In(7).
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2.3. To obtain random numbers distributed according to the normal law with

- - - 12 -
a mathematical expectation of 0 and a variance of 1, the ¢ = Zizlfi —12 formula is
used, which is justified by the central limit theorem.

To implement a uniform distribution in the range (0, 1) in programming, the
linear congruence method (LCM) is most often used. This is the simplest and most
classic algorithm, which formed the basis of most early generators. The algorithm
builds a sequence of integers X ., by the recurrence formula:

n+1

X
where X,— initial number,a — multiplier, ¢ — increment, m — modulus (determines

=(a-X,+c)mod m,

n+1

the maximum range). Operation G mod m (remainder of division) returns the

difference between the dividend and the nearest integer multiple of m, which does
not exceed G. To obtain a number in the range (0, 1), the result is divided by m
X

n+l —

n+l

m

Every programming language has tools for generating random numbers with
a given distribution law. In Python, the implementation of the laws (distributions)
of random number generation depends on the library used. The main tools are the
standard random module — a standard library for generating pseudo-random
numbers and a specialized package for scientific computing SciPy.stats.

The standard random module is suitable for simple tasks and simulation
modeling. It supports the main continuous distributions:

Uniform: random.uniform(a, b) for real numbers in the range (a, b) and
random.randint(a, b) for integers.

Normal (Gaussian): random.normalvariate(mu, sigma) with mean value mu
and standard deviation sigma.

- Lognormal: random.lognormvariate(mu, sigma).

- Exponential: random.expovariate(lambd) with parameter lambd.

- Beta distribution: random.betavariate(alpha, beta).

- Gamma distribution: random.gammavariate(alpha, beta).

- Pareto distribution: random.paretovariate(alpha).

For serious research, it is recommended to use the SciPy.stats library — the
most comprehensive tool, containing more than 100 continuous and 20 discrete
distributions.

T
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5.3 A Brief Overview of the SimPy Framework

SimPy is a specialized library for Python designed for creating models of
discrete-event processes. With this tool, you can model the functioning of complex
discrete systems in detail: from network switches to flexible manufacturing systems
and logistics. This helps to identify weaknesses in the system and optimize its
operation, avoiding the costs of real experiments. It is perfectly suited for modeling
queueing processes. The first public version (0.1.2) was presented by developers
Klaus Miiller and Tony Vignaux on September 17, 2002 on the SourceForge.net
platform. SimPy is based on the classic Simula modeling language. The project's
documentation IS available on the official website:
https://simpy.readthedocs.io/en/latest/. SimPy is released as an open source project
under the MIT license.

Key Concepts of SimPy

Environment: Manages simulation time and event queue.

Events: Triggers that initiate changes in the system.

Processes: Describe the behavior of active components (clients, patients with
doctor's appointments) through yield generator functions..

Resources: Objects with limited capacity (switches, servers) that processes
can "capture™ and "release".

Before using SimPy, it must be connected to Python (for example, with the
pip install simpy command on the operating system) and to a specific program
(import simpy).

Processes, resources, and events are described by separate functions that are
used to create the corresponding objects of the simulation environment, which is
created by the operator env = simpy.environment().This operator performs three
critical functions:

- manages time: keeps track of the current simulation time (env.now).

- plans events: maintains a queue of events and determines what should happen

next and when.

- runs a simulation: handles processes and advances time from one event to
another.

Using the created env variable, you get access to the main modeling tools:
env.process(func) — registers the generator function as an active process in the
system.
env.timeout(delay) — creates a delay (pause) for a specific process.
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- env.run(until=X) — starts the execution of the entire model until time point X is
reached
- env.now — returns the current time value in the model (humber).

Let us consider a simulation model of the process of arrival of Poisson flows
of requests from two sources with intensities, respectively, A1=1 and A,=2. The
model program has the following form?:

#Simulation model of the sum of two flows
Import simpy # connecting libraries
import numpy as np

def stream(env, name, lamb): # description of the "stream of events" process
while True: #process actions:  print:
print(name, round(env.now,3)) # "process information; request arrival time"
# stopping the process for a random period of time, distributed according to an
exponential law
yield env.timeout(np.random.exponential(1/lamb))

env = simpy.Environment() # creating a modeling environment
env.process(stream(env, 'stream Nel, A=1, t=', 1)) #creation of an instance of the
stream process with parameter A=1

env.process(stream(env, 'stream No2, A=2, t=', 0.5)) #creation of an instance of the
stream process with parameter A=2

env.run(until=8) # run the simulation until the model time is 8

As in a regular Python program, the first block is the connection of the
necessary libraries, primarily SimPy.

The stream function defines a process that, when started, performs the
following actions:

- print “process information; request arrival time” for a specific process
instance;

- stopping the process for a random period of time, distributed according to
an exponential law, formation on the time axis of the event of the next process
launch

The stream function contains the following arguments, which are passed
from the process instance:

- env — Process instance;

! The programs in this section are developed with partial use of generative models of artificial intelligence
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- name — information about the process;

- lamb — delay parameter.

Operator env = simpy.Environment() — creating a modeling environment.

Operator env.process(stream(env, 'stream Nel, A=1, t=', 1)) — creation of an
instance of the stream process with parameter A=1.

Operator env.process(stream(env, 'stream Ne2, A=2, t=", 0.5)) — creation of an
instance of the stream process with parameter A=2.

Operator env.run(until=8) — run the simulation until the model time is 6.

In fact, the entire program consists of several functional blocks:

- connecting Python libraries;

- a block containing functions that describe processes and devices in general;

- constant block (not present in this program);

- a control unit in which the simulation environment is formed, instances of
processes, devices, and queues are created, the simulation model is launched, and
the progress of the simulation is controlled.

Figure 5.2 shows the results of the simulation model.

stream Bl, A=1l, t= 0

stream B2, A=2, t= 0

stream B2, A=2, t= 0.141
stream 1, A=1l, t= 0.36
stream B2, i=2, t= 0.707
stream ¥Fl, i=1l, t= 0.531
stream B2, A=2, t= 2.135
stream B2, ih=2, t= 2.318
stream B2, ih=2, t= 2,398
stream ¥l, A=l, t= 2.424
stream B2, h=2, t= 2.556&
stream B2, ih=2, t= 2.57
stream B2, Ai=2, t= 2.647
stream ¥l, A=l, t= 2.844
stream B2, i=2, t= 3.758
stream Bl, i=1l, t= 4.807
stream B2, i=2, t= 5.261
stream B2, Ah=2, t= 5.45%5
stream B2, h=2, t= 5.8573

Figure 5.2 — Joint request flow on the time axis

Indeed, events caused by requests arriving via the second stream occur
approximately twice as often as via the first.

The model should not only record specific events but also, depending on the
research objectives, generate general characteristics of the object under study. We
require the model to output to the console the time intervals between the arrival of
adjacent requests for the total flow, and also ensure that the intensity of the total
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request flow is equal to the sum of the intensities of the individual flows. The
modified model program has the following form.

# Modified flow sum model
import simpy # connecting libraries
import numpy as np

# global variables

request_id = 0 # Global counter for unique request numbers
T_is=0  # sum of intervals between requests

t pr=0  #the moment of receipt of the previous request

def stream(env, name, lamb): # description of the "stream of events" process
global request_id; global T_is; global t_pr
while True: #process actions:  print:
print(name, f'{env.now:<3.3f} |"f't.i - t_(i-1) = {env.now - t_pr:<5.3f} ") #
"process information; request arrival time"
T_is += env.now - t_pr; t_pr = env.now; t_i = env.now; request_id +=1
# stopping the process for a random period of time, distributed according to an
exponential law
yield env.timeout(np.random.exponential(1/lamb))

env = simpy.Environment() # Creating a modeling environment
env.process(stream(env, 'stream Ne1, A=1, t=', 1)) #creation of an instance of the
stream process with parameter A=1

env.process(stream(env, 'stream Ne2, A=2, t=', 2)) #creation of an instance of the
stream process with parameter A=2

env.run(until=100) # run the simulation until the model time is 100

T_average = T_is/request_id # middle interval between requests

lambd = 1/T_average # intensity of the total flow of requests

print()

print(f'number of requests: {request_id:<3} |", f"average interval: {T_average:<7.3f}
|", f'A=: {lambd:<6.3f}")

Three global variables are introduced into the program:

- request_id — the number of the incoming request (request counter);

- t_pr — the time of the previous request;

- T_is — a variable for calculating the sum of intervals.

The time intervals between adjacent requests are calculated as the difference
between the current request arrival time and the time of the request before it
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(env.now — t_pr). Each time the stream process description function is called, the
sum of the intervals between requests is adjusted (T _is += env.now — t_pr), the
event generation time is recorded (t_pr = env.now), and the request counter is
adjusted (request_id +=1).

At the end of the simulation, the average time interval between consecutive
requests (T _average = T .is/request id) and the total request flow rate are
calculated. The request counter, average interval between requests, and the total
flow rate are displayed on the screen.

Figure 5.3 shows the results of the modified simulation model (the last 8
units of model time out of 100)

stream B1, k=1, t= 592.061 | t i - t:(i—l] = 0.284
stream B2, A=2, t= 92.086 | £t i - t (i-1) = 0.025
stream B2, A=2, t= 92.201 | £t i - £t (i-1}) = 0.115
stream B2, A=2, t= 92.376 | £t i - t (i-1) = 0.175
stream B2, A=2, t= 92.756 | £t i - t (i-1) = 0.381
stream B2, A=2, t= 92.934 | £t i - t (i-1) = 0.178
stream Pl, »x=1, t= 52.947 | £t i - £ (i-1) = 0.013
stream B1, A=1, t= 93.653 | £t i - t (i-1) = 0.706
stream B2, h=2, t= 94.215 | £t i - t (i-1) = 0.562
stream B2, A=2, t= 94.659 | £t i - t (i-1) = 0.484
stream B2, A=2, t= 94.765 | £t i - t (i-1) = 0.066
stream B2, A=2, t= 94.965 | £t i - t (i-1) = 0.200
stream B1, A=1, t= 895.259 | £t i - t (i-1) = 0.293
stream B2, A=2, t= 85.28B2 | £t i - t (i-1) = 0.023
stream Bl1, A=1, t= 95.453 | £t i - t (i-1}) = 0.171
stream B1, A=1, t= 95.678 | £t i - t (i-1}) = 0.225
stream B1, A=1, t= 97.0489 | £t i - £ (i-1}) = 1.371
stream B2, A=2, t= 97.236 | £t i - t (i-1) = 0.187
stream B2, A=2, t= 97.68B0 | £t i - t (i-1) = 0.444
stream B2, A=2, t= 99.652 | £t i - £t (i-1) = 1.8972
nunber of reguests: 303 | average interval: 0.329% | A=: 3.041

Figure 5.3 — Results of the modified simulation model (the last 8 units of model
time out of 100)

As can be seen, the experimental results coincide with the theory, while at
the same time the actual flow differs from the ideal. This is explained by the
stochastic nature of time interval generation. It should be noted that the results of
experiments on the model vary from run to run, as Python in this example changes
the initial settings of the random number generators from run to run.

Events are the primary mechanism for managing time and synchronizing
processes when using SimPy. Processes in SimPy are generator functions that use
the yield keyword to pause their execution and "wait" for a specific event. Once the
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event occurs, the environment resumes execution of the process. SimPy uses the
following event types:

- Timeout: The most common event. It puts the process to sleep for a
specified amount of simulated time (simulating the duration of an operation). We
used this in the previous programs.

- Resource events: Requests to acquire or release shared resources (e.g.,
waiting for a processor to become available).

- Basic Event (user events): Used for manual synchronization between
different processes. You can create a pure env.event() in one process, pass it to
another process, and have the second process wait until the first calls .succeed().

- Logical combinations (& and |): Wait for multiple events to complete, or at
least one of them.

Each event passes through exactly three states once:

1. Not triggered — the event has been created in memory, but is not yet bound
to a specific point in time.

2. Triggered — the event has reached its trigger time and is added to the
SimPy queue.

3. Processed — the event has occurred, and all processes waiting for it have
been successfully resumed.

In the following example, we'll consider an example of using a custom event.
We'll modify the simulation model of Poisson request flows from two sources as
follows. We'll create an event in Stream 1 (current time > 3) that causes the second
stream to double the request rate. Stream 2 needs to implement a wait for this event
to activate. The modified model program has the following form.

# Sum of Streams Plus Event Model
import simpy
import numpy as np

def stream_1(env, name, lamb, alarm_event):
while True:
print(f" {name}|",f'"A = {lamb:<2.2f} |",f"t = {round(env.now, 3)}")
yield env.timeout(np.random.exponential(1/lamb))

# Trigger condition: if time is past 2 and the event hasn't happened yet

If env.now > 3 and not alarm_event.triggered:
print(f*!!! Stream Nel triggers the EVENT at t={round(env.now, 3)} !!!")
alarm_event.succeed() # Activate the shared event
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def stream_2(env, name, lamb, alarm_event):
# Phase 1: Normal operation until the event is triggered
while not alarm_event.triggered:
timeout_choice = env.timeout(np.random.exponential(1/lamb))

# Wait for either the timeout to expire OR the event to fire (OR operator '[')
result = yield timeout_choice | alarm_event

# If the event fired during our timeout wait, break the normal loop
If alarm_event in result:
print(f*{name} detected the EVENT at t={round(env.now, 3)} and
ACCELERATES!)
break

print(f" {name}|",f"A = {lamb:<2.2f} |",f"t = {round(env.now, 3)}")

# Phase 2: Post-event operation (intensity lambda is doubled)

lamb = lamb * 2

while True:
print(f" {name}|",f'"A = {lamb:<2.2f} |",f"'t = {round(env.now, 3)}")
yield env.timeout(np.random.exponential(1/lamb))

# Initialize the SimPy simulation environment
env = simpy.Environment()

# Create a shared event object to connect the two streams
shared_event = env.event()

# Register and start both processes
env.process(stream_1(env, 'Stream Nel', 1, shared event)) #A =1
env.process(stream_2(env, 'Stream No2', 1.5, shared event)) # A = 1.5, initial value

# Run the simulation for 6 time units
env.run(until=6)

Compared to the base program:

- a trigger for interaction has been created (shared_event =env.event() );

- processes have been separated into stream_1 and stream_2, as they now
have different logic;
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- the | (OR) operator has been introduced, allowing Thread Ne2 to wait for
whichever comes first — the next time step or a signal from Thread Nel
(yield timeout_choice | alarm_event);

- the alarm_event.succeed() instruction has been introduced, according to
which Thread Nel "enables" the event for the entire environment.

Instructions related to the alarm_event event are highlighted in bold in the
program.

Figure 5.4 shows the results of running the simulation model with an
embedded event.

Stream B1]) A = 1.00 | © =40

Stream B1| » = 1.00 | £t = 0.07%9
Stream B2| » = 1.50 | ©t = 0.56E
Stream B2| » = 1.50 | ©t = 0.877
Stream B2| » = 1.50 | £t = 1.43
Stream R1]| » = 1.00 | ©t = 2.103
Stream R1| » = 1.00 | ©t = 2.27E
Scream B2| » = 1.50 | £t = 3.2E5

1117 Stream Bl triggers the EVENT at £=3.303 111
Scream 1) A = 1.00 | © = 3.303
Stream B2 detected the EVENT at t=3.303 and ACCELERATES!

Stream B2| A = 3.00 | £t = 3.303
Stream R1] A = 1.00 | £t = 3.332
Stream R1| A = 1.00 | t = 3.443
Stream R1|] A = 1.00 | £t = 3.874
Stream B2| A = 3.00 | £t = 4.278
Stream B2| A = 3.00 | £t = 4.73
Stream B2| A = 3.00 | £t = 5.406
Stream R1] A = 1.00 | t = 5.604

Figure 5.4 — Results of the simulation model with a built-in event

Indeed, after a model time of 3, the frequency of requests received on the
second stream doubled.

5.4 Simulation of queueing systems using SimPy

Let's complicate the model. We'll retain a single input request flow with a
service rate of A = 2 and add two service devices with a service rate of p = 1.1 per
device. The event flows are Poisson. We received a classic M/M/2 queuing system.
During the model run, the screen displays the request number, the time the request
arrived, the service start time, and the service delay (waiting time). Upon
completion, the model should display the average service wait time. The model
program looks like this:

# Simulation model of the M/M/2 system
import simpy
import numpy as np
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# global variables
request_id =0 # Global counter for unique request numbers
T_queue =0 # total waiting time for service requests

def service_process(env, req_num, arrival_time, resource, mu):
"""Process representing the servicing of a request in one of the two servers.
global T_queue
# Request enters the queue for a server
with resource.request() as request:
yield request
start_service_time = env.now
# Output: request ID, arrival time, service start time and waiting time
print(f"Request #{req_num:<3} | "
f"Arrived at: {arrival_time:<7.3f} | "
f"Service started at: {start_service_time:<7.3f} | "
f"Waiting time {start_service_time - arrival_time:<6.3f}")
# Adding a waiting time for the next request
T_queue +=round(start_service_time-arrival_time, 3)

# Servicing the request according to an exponential law
yield env.timeout(np.random.exponential(1 / mu))

def stream(env, label, lamb, resource, mu):

Generator process for the incoming stream of requests.
global request_id
while True:
# Waiting for a random interval between incoming requests
yield env.timeout(np.random.exponential(1 / lamb))
# adjusting the application number counter
request_id +=1
arrival_time = env.now
# Spawn an asynchronous servicing process for each new request
env.process(service_process(env, request_id, arrival_time, resource, mu))

# Creating the SimPy simulation environment
env = simpy.Environment()

# Creating 2 parallel servicing devices (servers)
servers = simpy.Resource(env, capacity=2)

# System configuration parameters
lambda_param = 2 # Arrival rate of the incoming stream
mu_param = 1.1  # Service rate of each individual server

# Initiating the incoming stream of requests
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env.process(stream(env, 't=', lambda_param, servers, mu_param))

# Run the simulation until the model time reaches 10
env.run(until=2000)

print()
print(" Average waiting time ", round(T_queue/request_id, 3))

Let's analyze the operation of the model by operators.

Library Imports

. import simpy — imports the SimPy discrete-event simulation library to
manage time, events, and resources.

. import numpy as np — imports the NumPy library to generate random
numbers (specifically for exponential distributions).

Global Variables

. request_id = 0 — Initializes a global counter variable to assign a unique
sequential ID number to each incoming request.

. T_queue =0 —» T_queue =0 — variable for accumulating the total waiting time
for all requests

The service_process Function (Request Lifecycle)

. def service_process(env, req_num, arrival_time, resource, mu): — declares a
generator function defining how a single request interacts with the service channels.
. with resource.request() as request. — Uses a context manager to request

access to one of the available service channels (servers).
. yield request — Pauses this specific process until a service channel becomes
free (manages waiting in line/queue).

. start_service_time = env.now — Records the current simulation clock time as
the exact moment the service begins.
. print(f"Request #{req_num:<3} | " ..") — Prints a log message to the console,

rounding all simulation timestamps to 3 decimal places.

. T_queue + = round(start_..) — Adding a waiting time for the next request

. yield env.timeout(np.random.exponential(1 / mu)) — Freezes the process for
a random duration representing service time, calculated exponentially with a mean
of 1/mu. The resource is automatically released afterward by the with block.

The stream Function (Request Generator)

. def stream(env, label, lamb, resource, mu): — declares a generator function
that continuously generates new requests over time.

. global request_id — grants the function write access to modify the global
request_id counter variable.
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. while True: — creates an infinite loop to generate requests nonstop for the
entire duration of the simulation run.

. yield env.timeout(np.random.exponential(1 / lamb)) — delays the generator
for a random inter-arrival time interval, calculated exponentially with a mean of
1/lambda.

. request_id += 1 — increments the global counter by 1 to assign a brand new
ID for the newly arrived request.

. arrival_time = env.now — captures the exact simulation timestamp when this
specific request entered the system.
. env.process(service_process(..)) — registers and triggers a new independent,

asynchronous service_process instance for the current request.
Environment Setup and Execution

. env = simpy.Environment() — instantiates the main simulation environment
object which controls the virtual clock and event loop.
. servers = simpy.Resource(env, capacity=2) — creates a shared resource with a

capacity of 2, representing two parallel, independent service stations.

. lambda_param = 2 — sets the arrival rate parameter (lambda = 2), representing
the average number of incoming requests per time unit.

. mu_param = 1.1 — sets the service rate parameter (mu = 1.1), representing the
average number of requests a single server can process per time unit.

. env.process(stream(env, 't=', lambda_param, servers, mu_param)) — registers
the primary stream generator process within the simulation environment scheduler.
. env.run(until=2000) — starts the simulation engine execution loop, running
all scheduled events from time 0 up to time 2000.

. print()
. print(" Average waiting time ", ...) - output of the average waiting time for all
requests

Figure 5.5 shows the results of the simulation model for the first 11 units of
time, with a total simulation time of 2000.
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Figure 5.5 — Results of the simulation model for the first 11 units
of model time

The average waiting time in the queue T~OI =1.193. Figure 5.6

results of the simulation model for the last 10 units of time, with a total
time of 2000.

Eequest
Eequest
Eeguest
Eequest
Eequest
Eeguest
Eequest
Eequest
Eeguest
Eequest
Eequest
Eeguest
Eequest
Eequest
Eeguest
Eequest
Eequest
Eeguest
Eequest

The average queue wait time (4.523) is approximately the same as the
average queue wait time obtained using formula (3.57) for the steady-state mode
(4.359). Thus, Figure 5.3 shows the non-stationary mode of the system's operation,
while Figure 5.4 shows the stationary mode.

We'll modify the model once again, making the queue bounded. We'll obtain
a model of the M/M/2/m type. This can serve as a model for the operation of

$4024
$4025
$4026
$4027
$4028
$4029
#4030
$4031
$4032
$4033
$4034
#4035
$4036
$4037
$4038
#4039
#4040
$4041
$4042

Arrived
Arrived
Arrived
Arrived
Arrived
Arrived
Arrived
Arrived
Arrived
Arrived
Arrived
Arrived
Arrived
Arrived
Arrived
Arrived
Arrived
Arrived
Arrived

at:
at:
at:
at:
at:
at:
at:
at:
at:
at:
at:
at:
at:
at:
at:
at:
at:
at:
at:

1984.
1984.
1885.
1985.
1985.
1%8&.
1986,
1986.
1887.
1988.
19849,
15885,
1950,
1950,
1550,
1950,
1952,
1852,
1952,

933
998
484
488
T33
370
598
o976
532
476
321
TE2
137
329
BOB
BBE
337
388
Q47

Service
Service
Service
Service
Service
Service
Service
Service
Service
Service
Service
Service
Service
Service
Service
Service
Service
Service
Service

Average waiting time

startced
started
started
startced
started
started
startced
started
started
startced
started
started
startced
started
started
startced
started
started
startced

4.523

at:
at:
at:
at:
at:
at:
at:
at:
at:
at:
at:
at:
at:
at:
at:
at:
at:
at:
at:

1981,
19591.
1583,
1983,
1953.
1554,
1985,
1985,
1885,
1985,
1985,
15586,
1956,
19596.
15586,
1987,
1997,
15%8E.
1985,

S63
647
205
418
Q02
oos
032
202
3TE
435
458
05e
585
671
T53
432
483
643
751

Waiting
Waiting
Waiting
Waiting
Waiting
Waiting
Waiting
Waiting
Waiting
Waiting
Waiting
Waiting
Waiting
Waiting
Waiting
Waiting
Waiting
Waiting
Waiting

shows the

simulation

cime
time
time
cime
time
time
cime
time
time
cime
time
time
cime
time
time
cime
time
time
cime

Figure 5.6 — Results of the simulation model for the last 11 units
of model time

167

time
time
time
time
time
time
time
time
time
time
time
time
time
time
time
time
time
time
time
time

M HHHMBMFHFFHEFFEFEFODODOSDSDSDOSDHKEODO

630
651
721
530
169
. 638
434
.225
.B46
560
137
254
448
.342
.545
546
146
245
.B04

L I S T I s e Y OO T I VR I < I = - T - - S RS I O

000
000
076
.Bog
126
LOTT
268
LB15
348
LB52
o4l
523
186
2059
L5400
511
202
D22
. TEB
025



network switches. For them, packet loss due to buffer overflow is a key
characteristic. Using the M/M/2/m simulation model, we'll examine the dependence
of the probability of request loss on system load and buffer size. The full text of the
simulation model program, with detailed comments for each instruction, is
provided in Appendix C.

Compared to the M/M/2 model, the queue has a finite size. Before creating
the service process, the condition current_users < (2 + max_queue) IS checked. If
the queue is full, the stats['lost'] counter is incremented, and the request is ignored.
All counters are moved inside the run_simulation function to prevent simulations
from interfering with each other during the loop. Instead of fixed parameters, the
arrival rate is calculated using a variable load factor o= A/ng. The model uses the
stats dictionary to collect request loss data for plotting with matplotlib for visual
comparisons across different queue sizes.

Figure 5.7 shows a graph of the probability of request loss depending on the
system load for different values of the queue size.

Request Loss Probability vs. System Workload (M/M/2/K Model)
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Figure 5.7 — Graph of the dependence Pjoss = f(p, m)

Using such graphs allows you to select the parameters of the modeled object
to ensure a given QoS value.
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ANNEX A

Table of values of the Laplace function ®(x) = %'[exp(—z2 /2)dz
T o
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0,09

0,0359

0,48

01844

087

0,3078

1,26

0,3962

1,65

0,4505

2,04

0,4793

2,56

0,4948

0,10

0,0398

049

0,879

088

0,3106

1,27

0,3980

1,66

0,4515

2,05

0,4798

2,58

0,4951

0,11

0,0438

0,50

0,1915

0,89

03133

1,28

0,3997

1,67

0,4525

2,06

0,4803

2,60

0,4953

0,12

0,0478

0,51

0,1950

090

0,3159

1,29

0,4015

1,68

0,4535

2,07

0,4807

2,62

0,4956

0,13

0,0517

0,52

0,1985

0,91

0,3186

1,30

0,4032

1,69

0,4545

2,08

0,4812

2,64

0,4959

0,14

0,0557

0,53

0,2019

092

0,3212

1,31

0,4049

1,70

0,4554

2,09

0,4817

2,66

0,4961

0,15

0,059

0,54

0,204

093

0,3238

1,32

0,4066

1,71

0,4554

2,10

0,4821

2,68

0,4963

0,16

0,0636

0,55

0,2088

094

0,3264

1,33

0,4082

1,72

0,4573

211

0,4826

2,70

0,4965

0,17

0,0675

0,56

02123

095

0,3289

1,34

0,4099

1,73

0,4582

212

0,4830

2,72

0,4967

0,18

0,0714

0,57

0,2157

0,96

0,3315

1,35

0,4115

1,74

0,4591

2,13

0,4834

2,74

0,4969

0,19

0,0753

0,58

0,2190

0,97

0,3340

1,36

0,41311

1,75

0,4599

2,14

0,4838

2,76

0,4971

0,20

0,0793

0,59

0,2224

0,98

0,3365

1,37

0,4147

1,76

0,4608

2,15

0,4842

2,78

0,4973

0,21

0,0832

0,60

0,2257

0,99

0,3389

1,38

0,4162

1,77

0,4616

2,16

0,4846

2,80

0,4974

0,22

0,0871

0,61

0,2291

1,00

0,3413

1,39

0,4177

1,78

0,4525

217

0,4850

2,82

0,4976

0,23

0,0910

0,62

0,2324

1,01

0,3438

1,40

0,4192

1,79

0,4633

2,18

0,4854

2,84

0,4977

0,24

0,0948

0,63

0,2357

1,02

0,3401

1,41

0,4207

1,80

0,4641

2,19

04857

2,86

0,4979

025

0,0987

0,64

0,2389

1,03

0,3485

1,42

0,4222

1,81

0,4649

2,20

0,4861

2,88

0,4980

0,26

0,1026

0,65

0,2422

1,04

0,3508

1,43

0,4236

1,82

0,4656

2,21

04864

2,90

0,4981

027

0,1064

0,66

0,2454

1,05

0,3531

1,44

0,4251

1,83

0,4664

2,22

0,4868

2,92

0,4982

0,28

0,1103

0,67

0,2486

1,06

0,3554

1,45

0,4265

1,84

0,467!

2,23

04871

2,94

0,4984

0,29

0,1141

0,68

0,2517

1,07

0,3577

1,46

0,4279

1,85

0,4678

2,24

0,4875

2,96

0,4985

0,30

01179

0,69

0,2549

1,08

0,3599

1,47

0,4292

1,86

0,4686

2,25

0,4878

2,98

0,4985

0,31

0,1217

0,70

0,2580

1,09

0,3621

1,48

0,4305

1,87

0,4693

2,26

0,4881

3,00

0,49865

0,32

0,1255

0,71

0,2611

1,10

0,3643

1,49

0,4319

1,88

0,4699

2,27

0,4884

3,20

0,49931

033

0,1293

0,72

0,2642

1,11

0,3665

1,50

0,4332

1,89

0,4706

2,28

0,4887

3,40

0,49966

034

0,1331

0,73

0,2673

1,12

0,3686

1,51

0,4345

1,90

0,4713

2,29

0,4890

3,60

0,49984

0,35

0,1368

0,74

0,2703

1,13

0,3708

1,52

0,4357

1,91

0,4719

2,30

0,4893

3,80

0,49992

0,36

0,1406

0,75

02734

1,14

0,3729

1,53

0,4370

1,92

0,4726

2,32

0,4898

4,00

0,49996

0,37

0,1443

0,76

0,2764

1,15

0,3749

1,54

0,4382

1,93

0,4732

2,34

0,4904

4,50

0,49999

0,38

0,1480

0,77

027%

1,16

0,3770

1,55

0,4394

1,94

0,4738

2,36

0,4909

5,00

0,49999
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ANNEX B

Critical distribution points

Number of Level of significance

degrees of

freedom 0,01 0,025 0,05 0,95 0,97 0,89
1 6,6 5,0 38 0,0039 0,00098 0,00016
2 9,2 7,4 6,0 0,103 0,051 0,020
3 11,3 9,4 7.8 0,352 0,216 0,115
4 13,3 11,1 9,5 0,711 0,484 0,297
5 15,1 12,8 9,5 1,15 0,831 0,554
6 16,8 14,4 12,6 1,64 1,24 0,872
7 18,5 16,0 14,1 2,17 1,69 1,24
8 20,1 17,5 15,5 2,73 2,18 1,65
9 21,7 19,0 16,9 3,33 2,70 2,09
10 23,2 20,5 18,3 3,94 3,25 2,56
11 24,7 21,9 19,7 4,57 3,82 3,5
12 26,2 23,3 21,0 5,23 4,40 3,57
13 27,7 24,7 22,4 5,89 5,01 4,11
14 29,1 26,1 23,7 6,57 5,63 4,66
15 30,6 27,5 25,0 7,26 6,26 5,23
16 32,0 28,8 26,3 7,96 6,91 5,81
17 334 30,2 27,6 8,67 7,56 6,41
18 34,8 31,4 28,9 9,39 8,23 7,01
19 36,2 32,9 30,1 10,1 8,91 7,63
20 37,6 34,2 314 10,9 9,59 8,26
21 38,9 35,5 32,7 11,6 10,3 8,90
22 40,3 36,8 33,9 12,3 11,0 9,54
23 41,6 38,1 35,2 13,1 11,7 10,2
24 43,0 39,4 36,4 13,8 12,4 10,9
25 44,3 40,6 37,7 14,6 13,1 11,5
26 45,6 41,9 38,9 15,4 13,8 12,2
27 47,0 43,2 40,1 16,2 14,6 12,9
28 48,3 44,5 41,3 16,9 15,3 13,6
29 49,6 45,7 42,6 17,7 16,0 14,3
30 50,9 47,0 43,8 18,5 16,8 15,0
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ANNEX C

Simulation model of the M/M/2/m queuing system?

# Import the simpy library to handle discrete-event simulation processes
import simpy
# Import the numpy library to generate random numbers and handle math arrays

import numpy as np
# Import the matplotlib pyplot module to create charts and visualize data

import matplotlib.pyplot as plt

# Define a function to execute a single simulation with specific parameters
def run_simulation(lamb, mu, max_queue, sim_time=1000):

Runs a single simulation run to calculate the percentage of lost requests.
# Create an instance of the SimPy simulation environment

env = simpy.Environment()
# Create a resource representing 2 parallel processing servers

servers = simpy.Resource(env, capacity=2)

# Initialize a dictionary to count total incoming and lost requests
stats = {"total": 0, 'lost": 0}

# Define an inner function representing the lifecycle of request service
def service_process(env, resource, mu):
# Request access to the server resource using a context manager

with resource.request() as request:
# Pause execution until one of the two servers becomes available

yield request
# Simulate service duration using an exponential distribution
yield env.timeout(np.random.exponential(1 / mu))

# Define an inner function that acts as a continuous stream of requests
def stream(env, lamb, resource, mu, max_queue):
# Start an infinite loop to constantly generate incoming requests

while True:

2 This program was developed with partial use of generative models of artificial intelligence

174



# Wait for a random interval before the next request arrives

yield env.timeout(np.random.exponential(1 / lamb))
# Increment the total counter for requests that reached the system
stats['total'] +=1

# Calculate total requests currently in service and in queue
current_users = resource.count + len(resource.queue)

# Define total system capacity as 2 servers plus maximum queue size
system_capacity = 2 + max_queue

# Check if the number of current requests is below system capacity
if current_users < system_capacity:

# Spawn a new parallel asynchronous service process for this request

env.process(service_process(env, resource, mu))

# Execute this block if the system is completely full

else:
# Increment the counter for dropped (lost) requests

stats['lost'] +=1

# Register the request stream generator process in the environment
env.process(stream(env, lamb, servers, mu, max_queue))

# Execute the simulation until the specified simulation time limit
env.run(until=sim_time)

# Return calculated loss probability if total requests are above zero
return stats['lost'] / stats['total'] if stats['total'] > 0 else 0

# Set a fixed service rate parameter for an individual server

mu_param = 1.0

# Create an array of different maximum queue sizes to be tested
queue_sizes = [0, 2, 5, 10]

# Generate 15 linear points between 0.2 and 1.5 for system workload (rho)
rho_values = np.linspace(0.2, 1.5, 15)

# Initialize a new figure window with a width of 10 and height of 6 inches
plt.figure(figsize=(10, 6))

# Begin a loop to iterate through each configured queue size limit
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for g_size in queue_sizes:
# Initialize an empty list to store loss results for the current queue size
loss_probabilities = []
# Begin a nested loop to iterate through each system workload value
for rho in rho_values:
# Calculate arrival rate lambda dynamically based on rho and mu parameters
lamb_param =rho * 2 * mu_param

# Call the simulation function and save the returned loss probability
loss_prob = run_simulation(lamb_param, mu_param, max_queue=q_size,
sim_time=2000)
# Append the calculated probability to the results list for this line
loss_probabilities.append(loss_prob)

# Plot a line chart of loss probabilities vs workload for this queue size
plt.plot(rho_values, loss_probabilities, marker='0', label=f'Queue capacity =
{q_size}")

# Set the main title text at the top of the generated figure window
plt.title('Request Loss Probability vs. System Workload (M/M/2 /K Model)')
# Set the text label for the horizontal axis using LaTeX notation for rho
plt.xlabel('System Workload ($\\rho = \\lambda / (2\\mu)$)")

# Set the text label for the vertical axis of the chart

plt.ylabel('Loss Probability")

# Enable background grid lines with a dashed style and partial transparency
plt.grid(True, linestyle='--', alpha=0.7)

# Display the color-coded legend box mapped to the plotted data lines
plt.legend()

# Render and display the final chart onto the user screen

plt.show()
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